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ABSTRACT

Higher Euler-Kronecker Constants
Samprit Ghosh
Doctor of Philosophy

Department of Mathematics, University of Toronto

The coefficients that appear in the Laurent series of Dedekind zeta func-
tions and their logarithmic derivatives are mysterious and seem to contain
a lot of arithmetic information. Although the residue and the constant
term have been widely studied, not much is known about the higher
coefficients. In this thesis, we study these coefficients x , that appear in

gﬁg about s = 1, where K is a global field.

For example, when K is a number field, we unconditionally prove certain
arithmetic formulas satisfied by these coefficients and we give bounds for
them under GRH. Analogous bounds for function fields of curves defined

over a finite field are also shown.

We also study the distribution of values of higher derivatives of L(s, x) =
L'(s,x)/L(s, x) at s = 1 where x ranges over all non-trivial Dirichlet char-
acters with a given large prime conductor m. In particular, we compute
moments, i.e. the average of P(*?)(L£(") (1, x)), where P(*t)(z) = 2z’ and
study their asymptotic behaviour as m — co. We then construct a density
function M, (z), for o = Re(s) and show that for Re(s) > 1

Avg ®(L'(s, x)) /MU z)|dz|

holds for any continuous function ® on C.
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INTRODUCTION

Since the advent of analytic number theory, the study of zeros of zeta and
L-functions have engaged number theorists, perhaps more than any other
theme. The famous Riemann hypothesis has been an open problem for
more than 160 years now. A new approach to this problem was presented
by Xian-Jin Li [Lig7] in 1997, who showed that positivity of a sequence of
coefficients coming from the Laurent series expansion, about s = 1, of the
logarithmic derivative of these zeta functions is equivalent to the Riemann
hypothesis. Later, Brown in [Broos] proved an effective version of Li’s
criterion relating positivity of the first finitely many terms in the sequence,
to zero-free regions. This thesis is concerned with studying these higher
coefficients.

1.1 ORGANIZATION OF CHAPTERS

In this introductory Chapter 1, we give a brief review of some well known
results that will be useful for our later journey, as well as present the key
motivation that led to this study. We then present a summary of our main
results of this thesis.

Chapter 2 is about studying the higher Euler-Kronecker constants (to be
defined in the next section) of a number field. In particular, after presenting
some preliminary facts and Thara’s work on the constant term in sections
2.1 and 2.2 we focus on the first Euler-Kronecker constant in section 2.3.
We then derive upper bounds (under GRH) in section 2.4. In 2.5 we derive,
unconditionally, an arithmetic formula satisfied by this constant. In the
subsequent sections 2.6 etc., we generalize these results, deduced in the

previous sections, for higher constants.



1.2 SOME BACKGROUND AND MOTIVATION

Chapter 3 is a similar study in the case of a function field of a curve
defined over a finite field. We prove analogous bounds.

In Chapter 4 we focus on Dirichlet L-functions. Again, section 4.1 - 4.3
is focused on deriving similar arithmetic formulas for these coefficients.
The key new results in this chapter are on moments. After giving some
historical background in section 4.4, we compute moments of £'(1, x) in
section 4.5 under GRH, where L(s, x) = L'(s, x)/L(s, x). We then use zero
sum estimates to prove an unconditional version of our result in section
4.6. Finally, we generalize these results to moments of higher derivatives
in section 4.7.

Chapter 5 is on distribution of values of these higher derivatives of the
logarithmic derivative of Dirichlet L-functions near s = 1. The main result
is in section 5.3, and it is about showing the existence of a distribution
function for the first derivative, for Re(s) > 1. In section 5.4 we briefly
discuss potential generalization to higher derivatives. Finally in the con-
cluding section 5.5 we discuss future work and issues on extension of our
result to parts of the critical strip : 1 < Re(s) < 1.

1.2 SOME BACKGROUND AND MOTIVATION

Let K be an algebraic number field of finite degree nx over Q. The
Dedekind zeta function of K is defined as

{x(s) =) (Na)™™

a

for Re(s) > 1, where the sum is taken over all integral ideals a of O, the

ring of integers of K. It also satisfies the Euler product formula

o1l )"

P
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1.2 SOME BACKGROUND AND MOTIVATION

Hecke showed that (s — 1)(k(s) extends to an entire function. There is a
simple pole of {k(s) at s = 1 and the residue satisfies the famous class
number formula :

2" (27)2hR
Iim (s —1)(k(s) = —————~%———
lim (5 = D2K(s) = = T
where r; denotes the number of real embeddings of K, 2r; is that of
complex embeddings, & is the class number, R is the regulator, w is the
number of roots of unity, and dg is the discriminant of K.
For the logarithmic derivative one can write :

() _ g o) )

- gK(S ) a Na
A(.) being the number field analogue of the von Mangoldt function given
by :

log Np if a = p* for some prime ideal p
Aa) =
0 otherwise.

For the sake of completeness, we also recall that by applying the Tauberian
theorem to the above (1.1), one can deduce the number field analogue of

the prime number theorem, namely the prime ideal theorem :

Theorem 1.2.1. Let mg(x) be the number of prime ideals of Og with norm
less than or equal to x. Then

ik (x)

~ as x — oo
log x

For details on the above discussion, one may refer to any standard text-

book on analytic number theory, for example [Davoo], [CF76] or [MMg7].

The generalized Riemann hypothesis (GRH) states that all non-trivial
zeros (i.e. those in the critical strip) of the Dedekind zeta function is on
the s = % line.

Consider the (analytic) completed zeta function :

Cx(s) = s(s —1)27 ( = ) r(3) T6x)

212 /2 2
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1.2 SOME BACKGROUND AND MOTIVATION

where [K : Q] = ng. In [Ligy], Li introduced the following sequence of
numbers {A,}, now known as Li’s coefficients :
1 ar

Ay = m@ (Sn_l logéjK(s)> ‘s:l forn>1 (1.2)

and showed the following theorem

Theorem 1.2.2. (Li’s Criterion) The general Riemann hypothesis for {k(s)
holds iff A, is non-negative for all n > 1.

Later Bombieri and Lagarias also gave an alternative proof in [BLg9].
Andrew Droll, in his PhD thesis formulated a much more generalized Li’s
Criterion for generalized quasi-Riemann hypothesis for functions in an

extension of the Selberg class.

Brown in [Broos] proved an effective version of Li’s theorem, showing
positivity of the first few A;’s, give zero-free regions of a certain shape
around s = 1. In particular he showed, just A, > 0 implies non-existence
of the exceptional Siegel zeros. We recall, a well-known result of Stark says
that for 0 < ¢ < 1, {x(s) has at most one zero in the region

c

<o<1, |t <

1 —
log dk ~ logdk

where s = ¢ + it. This zero, if it exists, is necessarily real and simple. We
call this an exceptional Siegel zero.

Note that, if we write the Laurent series about s = 1 of the logarithmic
derivative of {k(s), then A, involves the constant term and the first coeffi-
cient (that is the coefficient of (s — 1)) together with some terms coming
from the I'- factors . This was our primary motivation to closely study this
first coefficient. We later found that many of our results easily generalized
to higher coefficients. A path was already led out by Ihara et. al. who, in a
series of papers, systematically studied the constant term, which he called

the Euler-Kronecker constant. We define

4



1.2 SOME BACKGROUND AND MOTIVATION

Definition 1.2.3. Let the Laurent series of the logarithmic derivative of
{k(s) about s = 1 be given by
Ck(s) _ —1

L) “s=1 Pkt Lkl —1)" (1.3)

Yk,m Will be called the m-th Euler-Kronecker constant.

Remark 1.2.4. It is worth pointing out that this thesis does not deal with
the subtleties of sign of these coefficients as Li’s criterion demands. Instead
we seek to motivate the readers to study them. These coefficients are
coming from very local information, only at s = 1. And somehow they are
able to capture what is happening at s = 1, giving us information about
all zeros! We think, in future one might able to deduce zero-free regions
and other interesting results from bounds on them and not just signs. This

thesis therefore seeks to present a preliminary study of these constants.

The first thing we showed were certain arithmetic formulas for g .
The author was later made aware that similar formulas for {(s) and {k(s)

exists in the literature and so, we end this section with a few of those.

Suppose we write

1 [ee]
{(s)=——=4+7+) sp(s—1)"
s—1 o}

In 1885, T. J. Stieltjes [HSo5] showed that

o D (Z (logm)" <1ogx>“+1)

n! x—oo m n+1

m=1

These s, are called the Stieltjes constants, the generalized Euler constants
or sometimes the Euler-Stieltjes constants. For the Dedekind zeta function,

let us write

k(s) = Y skals —1)"

n=-—1
The author found a similar formula in a much recent paper and does not
know if similar formula has been written down in the past. The following
is due to Eddin, see Theorem 2 of [Edd18].



1.3 STATEMENT OF MAIN RESULTS

(=" . (log Na)" (log x)"*!
SKn = ] lim Z - —5K,_1n7+1 forn>1

, 1
sko = lim ( ) Na —sK,_llogx) + sk,

Na<x

The following formula for the logarithmic derivative of the Riemann zeta

function is also known. Let

%((;) - (s_—ll) +,§07n(s—1)"

then

N o Vi (Z A(m)(logm)" <logx>"+1>

n! x—voo \ A= m n+1

For a proof see [Tit58].

The author is not aware of existence of a similar formula for Dedekind
zeta functions. The formulas we deduced are similar but a bit more

involved.

1.3 STATEMENT OF MAIN RESULTS

Our first result is the following formula :

Theorem 1.3.1. (Unconditionally)

s 1+x 1 y
YK —xlgr.}o [‘YK(X) -1- 1_xlogx— E(logx) ]

1 X
here, ¥g(x)=—— —— —1)k(1 P))*  f 1
where, Yk(x) x—lkN(%:k<x<N(P)k >k( og N(P)) or x >

Theorem 1.3.2. Under GRH, for |dx| > 8 and writing ax = log \/|dk]|,

we have

(10‘5W>

|7k 1| < 2(logak)(2logay — vko) + 18logagx + O ( e

6



1.3 STATEMENT OF MAIN RESULTS 7

Corollary 1.3.3. When ko > 0, we get, (under GRH and for |dx| > 8)
2
K1 <K <loglog |d1<]>

Similarly for the general case we write :

1

1IjK(ﬂ’l, x) - m

X
——— — 1) k™(log N(P m+1 for 1> 1
krN(%:kgx<N(P)k ) (log N(P))

Theorem 1.3.4. (Unconditionally)

1 7
T+ (1" = Jim (1) )+ T
where f(m, x) is recursively defined as :
f(m,x) = (=" (x —1)(log x)™ ™ + (=1)" Y (x +1)(logx)™ +m(m —1)f(m —2,x)

m+1

FLx)=(-x) 2417

£(0,%) = (x — 1) log(x)

X 1 5
» log x + E(logx) }

Theorem 1.3.5. Under GRH, for |dk| > 8, and m > 1 we have

m

2
Trm K %(log(Zm(m!)Z) + logag)™ (2 log(Zm(m!)z) +2logax — ko + 1)

where as before, ax = log \/|dk|.

As a corollary we have :

Corollary 1.3.6. When g > 0 we get, (under GRH and for |dg| > 8)

2m+1 ) 1
(log(2™(m!)*) + log ax )™ "

YK,m < m

log dx

loglogdc’ We have

In particular, for m <

m+1
2 m+1

TYEm K (loglogdk)

m!



1.3 STATEMENT OF MAIN RESULTS

We also prove analogous bounds in the function field case (uncondi-
tional, GRH being known). For example if K is the function field of a curve

X of genus g, over IF;, q being a prime power then :

Theorem 1.3.7. For g > 2 or, ¢ = 2 and g > 2, and writing
ag = (g —1)loggq , we have

2
Y+ (1) < E(log(n!Z”HacK))"(Z log(ax) — vxo0 +logg+ 1+ n!2")

Remark 1.3.8. All implicit constants in the above results are absolute.

Remark 1.3.9. Just for consistency and clarity of notation, let us mention
that, by 2 < b we mean that there exists a positive constant ¢ such that
la] < cb. Sometimes we also might have used the big-O notation. They
mean the same thing, i.e. a = O(b) <= a < b.

We then turn our attention to distribution of values of these higher
coefficients. For this we consider the following setting : let K be a number
field and x be a primitive Dirichlet character on K. Let L(s, x) be the
L-function associated to it. For notational brevity we’ll write

L'(s,x)

Fo) = T

Initially we proved similar formulae and bounds like that of -k ,, namely,

5(")(1,7() = lim (—1)""! ¥x(x, 1, x)

X—00
where

Y(x,nx) = xilk/ N(%k< xk” <N(xp)k — 1) X(P)k(logN(P))n+1

But our main goal was to compute moments for the higher derivatives,
motivated by the work of Thara, Murty and Shimura, who in [IMSog],
computed moments of £(1, x).

For this section we work with K = Q. Let m be a prime and X,, denote
the set of all non-principal multiplicative characters x : (Z/mZ)* — C*
and L(s, x) denote the corresponding Dirichlet L-function. For any pair of



1.3 STATEMENT OF MAIN RESULTS

non-negative integers (a,b) let P(*?)(z) = z7z%. We showed :

Theorem 1.3.10. For any € > 0 we have, unconditionally,

1

m Z P(u,b)(ﬁ(r)(llx)) _ (_1)(r+1)d‘u(a,b)(r) L0 (me_l)

XEXWI

The implicit constant depends on a4, b only. Under GRH, the error term is

o < (logm) (r+1)d+2 >

m

with d = a 4 b. In particular, letting m — oo we get

lim 2 F POO(CO(L,0) = (-1 )
m—r00 |Xm| Xexm

Here (%) (r) is the following explicitly computable constant :

W () = 3 ¢ Aa(])jf Ap(j)
=

where fork >0,r >0

UA(n) =) (ﬁ i)(log n;) )

niny---Np=n
whereas, for k =0, {"Ag(n) =1 forn =1and 0 for n > 1.

Note : ("A4(.) is just notation. We are not actually multiplying by some (" or
anything. The logarithm appears with exponent r in the above formula together
with A(.), this is just a way of book keeping.

We then focus on the distribution of values of these higher derivatives

of the logarithmic derivative of Dedekind zeta functions, in particular we
show the existence of a density function for Re(s) > 1.

Let K be either Q or an imaginary quadratic number field. Let x run
over all Dirichlet characters on K whose conductor (the non-archimedean
part) is a prime divisor, such that x(p«) = 1. We define the average of



1.3 STATEMENT OF MAIN RESULTS

a complex valued function ¢ (), over a family of x as defined above, as
follows :

Avg, ¢(x) = lim  Avgy <, (X)

m—r 00

where

LN(f)<m <Zf)(:f 4’(?()) / Lg=t 1
YN(g<m 1

AVBN(p<mP(X) =

Then the main result in this chapter states that,

Theorem 1.3.11. For any s € C with 0 = Re(s) > 1 there exists a function
M, : C — R satisfying, My(w) >0, and [ M,(w) |dw| = 1, such that

Avg, DL (1,5) = [ Mo(w) @(w) |dul (1.5)

holds for any continuous function ® of C.

Note that M, is constructed as the limit of M, p functions, where P is a

finite set of non-archimedean primes. The Fourier dual of M,(z) given by

= [ Mo(w)y:(w) |4l

where ¢, : C — C! is the additive character 1.(w) = exp(i - Re(zw)),
satisfies the following :

Wo(z) = Avg, =(£'(x,9))

10



HIGHER EULER-KRONECKER
CONSTANTS : NUMBER FIELD CASE

2.1 PRELIMINARIES

Let K be an algebraic number field. The Dedekind zeta function {k(s) has
a simple pole at s = 1 and (s — 1){x(s) extends to an entire function in the
complex plane. Therefore one can write a Laurent series of {x(s) about
s =1 as follows :

k() = Scjl Yeota(s—1)+ceals—1)2 4 (c1#0) (21)

In [Thao6], Thara studied the constant yx = co/c_1 attached to K and called
it the Euler-Kronecker constant. Note that the logarithmic derivative of {x(s)
also has a simple pole at s = 1, the key difference being, the residue is
then just —1. We can write down a Laurent series for {}(s)/{k(s) about
s = 1, turns out the constant of this series is yx. Our work in this chapter
is to analyze the coefficients of higher powers of (s — 1). We will refer to

these as general or higher Euler-Kronecker constants.

Definition 2.1.1. Let the Laurent series of the logarithmic derivative of
{k(s) about s = 1 be given by
Ck(s) -1

s 51 T et L vknls = 1) (22)

Yx,m Will be called the m-th Euler-Kronecker constant.

For K = Q, the constant term is the famous Euler-Mascheroni constant
=9=1 1+1—|—1+ —I—l—l = 0.57721566
TQo =y = Am >T3 o ogn | =0. .

We now describe some results obtained by Ihara on k.

11



2.2 SOME BACKGROUND : ITHARA'S WORK ON YK,0 12

2.2 SOME BACKGROUND : IHARA’S WORK ON YK,0

We first note that :

— (&(s) L1 )

-1\ lk(s) s—1
On the other hand using a lemma of Stark, (Lemma 3 in [Stay4]) we get
Tx(s) 1 1 1 -
70 =t Zq+aK+ﬁK+FK(s) (2.3)

where the sum runs over all non-trivial zeros p of {k(s), counted with
multiplicities. Note that this result is just a consequence of Hadamard
factorization. Also, in the above,

1
ag =5 log |dk|, dk being the absolute discriminant of K ;

Bx = — {%(’y +log4rm) + ra(y +log27t)}

1= () (2) #0200 o 9= T2

where K has r; real conjugate fields and 2r, complex conjugate fields, and
Y = Yo, as before. Thus taking the 5%1 to other side and letting lim s — 1
we get,

1
_'YK,Ozl_Zﬁ"f—DCK‘i‘,BK
P

1 1

= 5l 5 = ko tak+pr+1 (2.4)
2 ; p(1—p) P

Notice that T'x(1) = 0. Equation (2.4) will be used in a later section while

finding upper bounds of certain terms.

Ihara proved the following bounds for k¢ in [Ihao6], e.g. see Theorem 1
and Proposition 3. (Although the lower bound mentioned below is trivial,
as the left hand side of (2.4) above is positive.)



2.2 SOME BACKGROUND : ITHARA'S WORK ON YK,0

Theorem 2.2.1. (Thara) For ng = [K: Q] > 2 or, ng = 2 and |dg| > 8, we
have (the constants c¢1, ¢, below are absolute)
Yko < ciloglogy/|dk| (under GRH)
> —cplogy/|dx|  (unconditionally)

To demonstrate that the general (negative) lower bound cannot be so
close to 0 as the upper we note that

N KO
—0.26049... < liminf ——— < —0.17849...
log +/|dk]|
The left side inequality is under GRH, the right side is unconditional, both
due to Tsfasman e.g. see [Tsfo6].

We quote a few other results from Ihara’s paper [hao6], as we will either
use them in subsequent sections or prove analogous versions for higher
Euler-Kronecker constants. Consider the prime counting function

Py (x) = ! ) (N(J;)k — 1> log N(P) (for x>1)

X =1, NPy<x
where P runs over non-archimedean primes of K and k over positive
integers such that N (P)k < x. For large x, this function behaves like log x,
in fact Ihara shows the following formula unconditionally :

lim (log x — ®x(x)) = yxo+1 (2.5)

X—»00

One also has the following upper bound on ®g(x)

ng(logx+1)
x—1
(2.6)

This is a consequence of Main Lemma (see 1.5.6) and Lemma 2 of [Thao6].

®(x) < log = YL (o +1)+ 2 o+ fu) +

In the subsequent sections, we will first investigate the next coefficient
Yk, and will then try to see whether the methods used can be generalized.

13



2.3 SETTING THE STAGE FOR 7Yk 1

2.3 SETTING THE STAGE FOR YK, 1

Recall, we wrote

{xl(s) 1
&@)+S—

7 = YKo F Y rrm(s —1)" (2.7)
m=1

Taking derivative and letting lims — 1 we get,

. [d Cx(s) 1 _
fim %gi(s) T o1z T T (28)

From the Euler product, one has

LGl _ g loBN(P)

gK(S) P, k>1 N(P)ks

For brevity of notation, we will denote the left hand side by Z k(s), i.e.

Cx(s)
Z = —
k() Ck(s)
Thus taking derivative, one has
—k(log N(P))?
Zi(s) = — (2.9)
K Pgl N(p)ks

On the other hand, differentiating the expression obtained from the
Hadamard product as in (2.3) we get,

Zx(s) = —512 — (5_11)2 + Z(S_lp)z + Tk (s) (2.10)

with T (s) = ¢’ (5) + r2g'(s), where, as before g(s) = L (s).

Taking the ﬁ on the other side and letting lims — 1, the left hand

side becomes —k 1. Thus we have

Tea =1- 2(1_1p)2 () (2.11)

14



2.3 SETTING THE STAGE FOR 7Yk 1 15

We wish to find a similar arithmetic formula as in (2.5) and bounds for

vk,1- To do so, we consider the integral

(1) B 1 ctico 4 S—H
30 (x) = E/Hw S 2kl ds fore 0

for y = 0 and 1 and evaluate the expression x‘I’g)(x) — ‘P%O)(x) in two
different ways using equation (2.9) and equation (2.10). Note that by ¢ > 0,
we just mean that we are considering the integral on a line s = ¢, far to
the right of 1.

The following classical formulas will be of help.

0 O<y<l1
1 C—‘riooysd .
ﬁ/ﬁiw " s=11 y=1 (2.12)
1 y>1

And forn > 1,

ctico 48 0 0<y<l1
1/ ' 3“ ds = v= (2.13)
2711 c—ico S %(logy)n y >1
Using the expression for Z}(s) from (2.9) we get :
1 0
W () — ¥ (x) = x- )

1 ot q P Hd
Pro1 E/C*ioo s—1 (N(P)k) ’

- ¥ —kogNe? [ [ ()

—k(log N(P))?
N(P)

Pk>1
—k(log N(P))? —k(log N(P))?
. (;gpl({)) . (ng())
k, N(P)k< x ( ) k, N(P)k=x
_ 2
_ —k(log N(P))2 . Z k(logzN(P))
k, N(P)k< x k, N(P)k=x
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Looking at the above computation, we define :

1 x 2
Yi(x) = P w%@x (N(P)k 1) k(log N(P)) for x > 1

(2.14)

Remark 2.3.1. The reason for dividing by (x — 1) will become apparent
while computing x‘I’g) (x) — ‘I’§<0) (x) the other way. For now we have,

x‘I’g)(x) - "I’g))(x) = —(x—1)¥x(x) (2.15)
Now using the expression for Zj (s) from (2.10) we get :

(1) ) _ x/c+zw xs—1 _l_ 1 1 -,
Wi (x) =¥ (x) 27 Je—iw S—1 | 2 (s—1)2 L (s —p)? +1k(s)) ds

1 petiogs [ 1 1 1 ,
_%/c ‘ s[_sz_(5—1)2+Z(s—p)2+rK(S)} ds

—100

1 1

Let us first look at the contribution from the term : -5 >
2 (s—1)

R R AR

5 l_|_1_ 1 1 1 1 l 1 Js
2 s (s—=1) (s—1)3

x° x51 1
—Z/Sds—Zx/S_lds+/x[Sz—i-(_z}ds+/ [ —5_1)}d5

(Thus using the classical formulas as in (2.12) and (2.13) we have )

=2—-2x+logx(1+x)+ %(logx)z(l —X)

=(1—x) [24—1 log x + 1(10gx) } = f(x) (say)

(2.16)
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Note that
f(x)
(x—1)

Now we focus on the contribution from the }, term. Recall we're trying

< (log x)? (2.17)

to evaluate

x ctico 451 1 1 ctico 58 1
5 ds — — —) ———d
27t /c—ioo s—1 )y (s —p)? ’ 27 /c—ioo s L (s—p)? ’

We will do some contour manipulation for this. As in Figure 2.1 (below),

for large T and R (to be chosen later), take the contour Cr to be the
rectangle : ¢ —iT — ¢ +iT -+ —R+iT - —R —iT — c—1iT.

Im(s)
—R+1iT c+iT

—R —iT c—iT

Figure 2.1

We're interested only in the side ¢ —iT — c +iT. We'll show that for
specific choice of R, the contribution from the other three sides of the
rectangle goes to 0 as T — co.

On the side {—R +iT — —R —iT}, writingp = p+iyand s = —R+it

and so, ds = idt we have,

fon 5w
R+T S p)

xR

/ T VRZ+2((R+B)*+ (t=7)?)

—R T

X T
< [ dr<2x R
- R3 /—T =X R3

dt
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Similarly, for the integral on {c +iT — —R +iT}, writing s = o +iT

xU

—R

A
c —R cr o_ -R

ST ar=]
-1 1 x¢ 1 1

Tl sl Tl el
c+R x¢

_x fadl
TTRAP-P T

—R+iT 4 1

s G-pp ds do

H\&

Note that the last inequality follows from, 0 < B < 1 and we can choose

¢ >2,so0 that c — B > 1, whereas, f{i% < 1.

Similarly, writing s = o — iT, we have

/C iT x
—iT S P

xU’

/VUZ+T2((0 B?+(T+7)?)

<xc/‘RdU<<
“TJ (c—p)

as before. Thus by choosing R = T and letting, T — co we see that these

do

integrals go to zero. Therefore by residue theorem, the line integral on

s = c is same as the residue at the poles to the left of c.

Now let us compute these residues.

The pole at s = 0 has residue : 7
pxf log x — x
02

d S
The pole at p (double pole) has residue : lims,, Is (x?) =

(Computations for s = 1 are exactly similar).

Therefore by Residue theorem, net contribution from the }, term is given

by :

18
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. 1 (o —Dx"'logx —xP~1 ] 1 pxPlog x — x¥
e e el PV i0 ey

1 p*(p —1)xPlogx — pxf —p(p —1)*x" logx + (p — 1)%x”
=Gl

p*(p—1)
=(x-1)Y) a _1p)2 +) ple —1)x*log x(p f;fp+—ll)); 02 + (p — 1)%xf
— o(p—1)logx —p>+(1—p)> «F 1
=(x—1) [Z 21— p)? 3+ Z(l_P)z

—(x-1) [r(x) F L W
(2.18)

So we are defining everything except the ) term, in the previous

1
(1—-p)?

expression as r(x), i.e.

wplp=Dlogx—p*+(1—p)>  xf
r(x) =) 21 p)? -

For the Gamma term, we first recall

o) =7 s (5) ~5(3) | + 2l -0

where g(s) = rT/(s) is the digamma function. Thus, taking derivative we

Ti(s) =5 8 (5) +28s)

We look at the series expansion of FT, (s) and its derivative.

I’ d 1 1
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Note that the above series expansion of digamma is valid in the entire com-

plex plane except for non-positive integers. i.e. in C \ {0, —1,—-2,—-3,--- }.

Therefore we have

We want to compute :

c+ico sfl~ 1 c+ico 45
i/C a Ti(s) ds — —/C x—l“}((s) ds

271 Je—ico S — 1 271 Je—ico S

We compute the contribution from the three constituent terms of I'k(s), as

above, individually.

x c+ico 1 c+ico 48 P
(r1+12) [Zm/c o S ( 1) B %/c o 83 S}

= (rn+r2) [m ! (S Lol > ds — ;(logx)z}
1

= (r1+n) [x—l—logx— 2(10gx) ]

Note that for the two series we can again refer to Figure 2.1 and use similar

residue computations as = )2 withp = —2nand p = —

For example, for p = —n, the term will be :

S n(n+1)logx —n?+ (1+n)> x" a
-1)
(=112, n%(1+ n)? x—1+2

1
n=1 n=1 (1 + n)z

Thus we putting these together we get,
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X c+ico x5~ 1 , 1 c+ico xS
2771'1'/(:—1'00 S—lr ()dS B 27'[1/ ico ?FK()dS
_ 1 2
=(r+nrn)(x—1) [1 — log x m(logx) ]
= 2n(2n +1)logx — 4n? + (1 +2n)?  x=2" > 1
Frx=1) L;l 4n?(1+ 2n)? o1 T n;( +2n)2
2 n(n+1)logx —n?+ (1+n)> x" > 1
-1)
Fralx L=1 n2(1+n)? o1 " = (1+n)?
> 1 =1
+r 1121(1_’_2”)2_71214712] — 1
= (x—1) [((x) +Tk(1)] (say)
(2.20)

The idea here is the same as the non-trivial zero case, we are isolating
['%(1) and denoting the rest of the expression by £(x).

Note that, T7 (1) = (r1 +12) + 71 Looq m +72 Y (14:7,1)2

Thus,

((x) = n +1’2

logx + = ! (log x) }

[ee] (o] 1
|E e Lol

n i n(2n +1)logx — 4n% + (1 + 2n)? x‘z”]

4n?(1+ 2n)? x—1
& nn+1)logx —n*+ (1+n)> x" )
e ; n?(1+n)? x—1 x—1 (2.21)

As we’ll soon see, although the above expressions look complicated,
they can be very easily estimated.
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Putting equations (2.15), (2.16), (2.18), (2.20) together,

—(x—1)¥x(x) =(1—x) [2+ 1 log x + 1(1ogx) ]

+(x—1) { —I—Z ] (x—1) [£(x) +T(1)]

= W) =2+ 1 logx+1(logx) rx) - Zujw—z(x)—f;((n
s +1+1 logx + = (1ogx)2 —r(x) — ()

Note the last equality follows from equation (2.11).

1+
’YK,1:‘FI<(X)—1—1_

i log x — %(log x)2 +r(x) +4(x) (2.22)

We are now ready to deduce some bounds.

2.4 BOUNDS FOR 7Yk,1 UNDER GRH

Estimates for ¥ (x)
Recall,
1 x
T-rs B (o ) ks
1 x
- x—lkN(p)@x(N@)k 1) (og N(P))(1og N(P))
< (log x)Pk(x) (2.23)

1 x
Where Ok (x) = -1 . N(%kg ) <N(P)k - 1> (log N(P)).

This is the counterpart of our ¥x(x) used by Ihara in [Thao6] to compute
Yk ,0- Also note that ¥x(x) > 0. As noted in the previous section, e.g. see
(2.6) Ihara showed the upper bound
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ng(logx +1)

Ji—1 2
CDK(X)S108x—ﬁ(’ﬂ<,0+1)+m(“1<+,5k)+ Y1

= ¥i(x) < og? - (VETT ) o) (o + 1) + 2 E -+ )
ng(logx)(logx +1)
+
x—1
(224)
Also, note that
log 2
Pr = —{%(7+10g4ﬂ) +ra(y +log2m)} < —Mggn)m < — g

The last inequality follows from 7 + log 27t = 2.4150927 . .. and therefore,

2Bk log x n nk(logx)(logx +1)
VX x—1
logx +1 2
< nK(IOgX) <x—1 — ﬁ)

< 0 forall x> 3.

Hence we have, for all x > 3,

VETT) g ta 1) +

2ak log x

Vx

¥ilx) < (logx)? - (

(2.25)

Estimates for r(x) under GRH

Recall we wrote,

_yvpPle—Dlogx—p*+ (1-p)*
") =L P2(1—p)? x—1

_ logx xf 1 xf xf
e

23
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~ logx xP x=p 1 xl1=P — xf
- L (o aae) t Il G
1=p _ xp

log x xP + x1=F 1 x
- +
DX pi—p) " x—1& (1=pp

_ logx 2y/x cos(ylogx) 1 —2i\/x sin(7y log x)
B L R e R P (o

where the last equality follows under GRH, from writing p = % + iy and
X X1 = xP 4 xP = /xe7108 \/xeT 7108 = 2\ /x cos(ylog x)

etc. We also note that |(1—p)?| = 1 + 7% = |p(p —1)| = p(1 — p). Thus,

flogx
(ol = x—1 Z\p —1 x—lz\l—
:ﬁ(logx+2)z 1

x—1 p(1—p)
2 1 2
_ Vx (xoigif +2) (vko +ax + Bk +1) (using equation 2.4)
(2.26)

Estimates for £(x)

Recall,

1+ 1 r1 - 1 o 1 2

E()_ ] |: gx+ (Ing):| x—1 Z(1+2n> _]12141/12]_)(—1

i 2n(2n+1)logx —4n? + (1 +2n)> x=21
4n2(1 + 2n)? x—1

= n%(1+n)? x—1

i n(n+1)logx —n?+ (1+n)> x" ]
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Therefore, we have, for x > 3,

nk(logx)?>  ng(logx)  2ng
<
)] < x—1 * x(x—1) +x—l

(2.27)
Note that, Y7 ; m =1, whereas Y, ; % = %2 ~ 1.65.

Remark 2.4.1. Note that the above bound for ¢(x) is unconditional.

We now have all the estimates to prove our theorem.

Theorem 2.4.2. Under GRH, for |dg| > 8
1 2
k1| < 2(logak)(2logax — vko) + 18logax + O <(O(°;“K)> (2.28)
K

where, as before, ax = log /|dk]|.
Proof. Recall in (2.22) we had the formula

1+x
yr1 = ¥r(x) —1— 1

— log x — %logzx +r(x) +£4(x)

Thus,
7kl < [¥x(x)| + (logx)? + [r(x)] + [€(x))|
Note that ¥x(x) > 0 and so [¥x(x)| = ¥x(x). Substituting the bounds

obtained for r(x) in (2.26), ¥k (x) in (2.25) in the above equation we get :

Vi) togn a1+

2y/x(logx +2)
x—1

2ak log x

Jx

k1| < (logx)* — (

(YKo +ax + Bx +1) +[4(x)]

Let us first focus on the coefficient ag. We have

For the coefficient of (g + 1) we have,

25
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2y/x(logx +2) Vx—1
x—1 _<ﬁ+1>(1°gx)
_ 2y/xlogx +4y/x — (x+1—2y/x)logx
x—1
4y/xlogx 4 4y/x — 2

x—1

= —logx +

Now recall that Bx < — ng, putting this together with the bounds of ¢(x)
from (2.27) we have

2Bkv/x(log x +2) N nk(logx)?  ng(logx)  2ng

x—1 x—1 x(x—1)  x—1
ng(logx) 1 2nk

< —2" llogx+ — —2vx| + [1—2V/x]
x—1 x x—1

<0

Thus the cumulative contribution from terms involving Bx in |r(x)| and
|¢(x)] is negative. So we’ll ignore these.
Therefore we have,

10k (1
rial < (g )? = (logx) (i + 1) + = 28
4y/xlogx +4y/x —2
+<\/}0g;_1f )(’YK,o-i—l)

10
< (log) (logx — (rx0-+ 1)+ %

4/x1 +4\/x—2
+ (BB (141

Therefore, choosing x = a% we get,

2
71| < 2(logak)(2logay — yko +9) + c2 <(10‘ilﬂ<ﬁl<)>

and hence we have our result. Note that, in the error term, the inequality
follows from Ihara’s upper bound on k. O

26
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Corollary 2.4.3. When ko > 0, we get, (under GRH and for |dk| > 8)

2
Y1 <K <loglog |d1<]>

2.5 AN UNCONDITIONAL ARITHMETIC FORMULA FOR %Yk ,1

Theorem 2.5.1. (Unconditionally)

1+ x
1—x

. 1
K1 = lim ¥r(x)—1— log x — E(logx)2

Proof. Note that, we have the formula (as in equation 2.22 )

1+x
1—x

vk = Pr(x) —1— logx—%logzx +r(x) +£4(x)
Since the estimates for ¢(x) in (2.27) are unconditional, we see that
limy ;e £(x) = 0.

To show, same is true for r(x) we make use of standard zero-free region
of the Dedekind zeta function. In particular, we will use the following
Lemma 8.1 of [LO77] which states that :

Theorem 2.5.2. There is an absolute, effectively computable positive constant
¢ such that {x(s) has no zeros p =  + iy in the region :

1 C
-, B>1-
T+4logds * P=1 " Togdx + nxlog(lh]+2)

=
We have (writing p = B +i7)

e ple—1logx—p?+(1—p)2 «f
r(x)—z pz(l—p)z 'x—1

p-1
<Y (log Q,CY)zx

27
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Since B < 1, we can assume the condition on f in the above theorem holds,

by excluding finitely many zeros. Thus we get :

(log x) xiC(IOgdKJrnK log(|v]+2)) "
r)/Z

y (logx) xP~1 <y

,},2

= 2 + 2 (2.29)
logdx+nglog(|y|+2) < T logdx+nglog(|y|4+2) > T

where we will choose T = |/log x . Thus for the first sum :

(log x) x—c(logdx-+nxlog(v[+2)) "

)3

r)/Z
logdgx+nglog(|y|+2) < T

o —cT1
Z% = <Zr:2> (log x) exp(—c+/log x)

,),2

Note that the last equality follows from :

exp(—cy/logx) = exp(—clog x(y/logx) ") = explogx~T ') = x~T"'
Now as x — oo, clearly exp(—c4/logx) — 0. We also have

. logx P
lim Y _ lim yT — 0
X—00 ecw/logx y—oo ey

Now let us consider the second sum in 2.29. Note that

logdk +nglog(|y|+2) > logx = |y| > —2—|—exp<

\/logx—logdK>

ng

We will write the expression on the right as u, i.e. |y| > u. Note that as
x — 00, so does u.

We will also use the following result on counting the number of zeros in a
rectangle in the critical strip (it can be deduced from Jensen’s theorem),

see for example Theorem 5.31 of [IK21]

If Nk(T) denote the number of zeros of (k(s) in the region 0 < R(s) <1
and |J(s)| < T, then we have

INk(T+1) — Nk(T)| < nglog T + log dk (2.30)

28
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where the implied constant is absolute.

Since x > 1 we have

y (log x) x—cllogdx-+nxlog(|y[+2)) !

2

ly[>u v
1

< (logx) ( Z 2)
T

< (logx) Z Z l
j>u J<\’Y|<]+1]
< (logx) Z c1(ng log;2+ log dk)
j>u

< can(logx)loguT—'—1

1
+cl(logx)(logd1<)a
— 0 as x — oo (and therefore u — o0 ).

The above is true since,

1ogx —logd
u:—2—|—exp< ogx — log K)

nk

V1 —logd
log(u+2) = 08X — 08 IK
nK
log x = (nglog(u + 2) + log dy)?

Therefore we have, lim,_, r(x) = 0 and this completes the proof.
O

In the next section we will show that our computations and techniques
generalize, and prove similar results for the m-th Euler-Kronecker con-
stants yg -

29
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2.6 GENERALIZATIONS TO HIGHER CONSTANTS YK,m

Recall, that we wrote the Laurent series of g’igg abouts =1, tobe:

Ckls) - -1 &
= + s—1)"
éK(S) s—1 mZ::O’)/K,m ( )
Ck(s) | 1 - m
= + = s—1
gK(S) s—1 m;()’)/K,m ( )
Differentiating both sides m times and letting s — 1 we get,
. d™ [ Ck(s) 1 o
i Leag * o) T 3
On the other hand, from the Hadamard factorization, we had
k(s) 1 1

1 -
_CK(S):S S_l_ZE‘FD‘K‘*’,BK‘f’FK(S)

§}<(s)_F 1 1+Z 1

_- "

:>CK(S) s—1 s

— XK — ,BK — TK(S)
So, differentiating both sides of the above m times we have,

d" [Zx(s) 1 ] (-1)"m! (—1)"m! )

ds™ |:C1<(S) + (s—1) g+l +) (s — p)m Iy (s)
(2.32)

Letting s — 1 in the above and using equation (2.31), we derive the formula

mb-ygm = —(=1)"m! + Z((l—_lz)?;ri’l -1 ()

—1)" 1 -
= Ykm+ (=D)" = 2(1(_())),%1 - ﬁfé ‘(1) (2.33)

Rewriting equation (2.32) to match our m = 1 setting :
ﬁg}((s) _ (=1)"m! B (=1)"m! Z (=1)"m! _ N(m)(s)
ds™ gK(S) - (s _ 1)m+1 gm+1 (s _ p)m+1 K
(2.34)

30



2.6 GENERALIZATIONS TO HIGHER CONSTANTS YK, m

Recall, we were writing,

Ck(s)
Ck(s)

So that, equation (2.34) above, takes the shape : (note the change of signs)

ZK(S) = —

_1\m _1\m _1\m+1 = (m
20 = e+ e D EER 00 o)

On the other hand, from the Euler product, we had :

_Gls) _ g logN(
=700 T NP

Differentiating m times yields

(—=1)"k" (log N(P))"*!
N(p)ks

(2.36)
P, k>1

To deduce bounds and an exact formula, we follow the same steps as
the m = 1 case, and evaluate the integral
1 ctico 4 S—H

(1) - (m)
¥y (m,x)—zni/C%w s—yZK (s)ds forc>1

We will compute the expression x‘I’g) (m,x) — ‘I’%O) (m,x),ie. for y =0

and 1, in two different ways using equation (2.35) and (2.36). As a result, on
one side, the constituents of yk ,,, as in equation (2.33), will occur. Whereas,
on the other side we will have an expression of x and choosing appropiate
x will lead us to bounds on these higher coefficients.

The following classical formula will come in handy.

0 O<y<l1
1 c+iooysd .
277Ti/c_ioo? S$=193 y=1 (237)
1 y>1

First using equation (2.36), we get

31
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x‘I’g) (m,x) — ‘I’g)) (m, x)

— (_1)mkm (10g N(P))m-H 1 ctoo ] x s—1
=x- Z N(P)k Lm /C_ioo P <N(P)k> ds]

P, k>1
) (o (P [ L [
Pgl k 1 gN( )) [27.”' /cfioo s (N(P)k) ds}
- (—1)"k" (log N(P))" ! (=1)"k"(log N(P))" " 1
B L N§k<x N(P)k +k, N%k—x N(P)k 2]

{ Y, PUmeles N D <1>’“km<logN<P>>m+l'§]
k,N(P)k<x k,N(P

x 1) (—1)"K" (log N(P))"*!

k, N(P)k< x <N(P)k

Note that the second sums in the square brackets, cancel each other as
N(P)* = x and there is an x at the very beginning of that line. We define :

1 X
Ye(m,x) = —— — — — 1) k"(log N(P))"+! for x > 1
(2.38)

Therefore, on one side we have,
e (m, x) = (m,x) = (=1)"(x = 1)¥k(m,x)  (239)

We now focus on equation (2.35) and first look at the contribution from
the term : (—1)"m! s"’% + W} . To evaluate this, we will use a gen-

eralization of the classical formula stated in equation (2.37).

Forn>1
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Let us write,

fm,x) = (—;3_:’“! /(c) i L i 1 (sm1+1 e 1)’"“) - % (Sml“ e i)’"“)] *

This will be the net contribution coming from the first two terms of (2.35).

We will simplify this a little bit and write a recursive relation satisfied by

f(m, x), which will in turn help us to estimate it.

f(m, x)

- 277i (©) gm+1 (S _ 1) (S _ 1)m+2 gm+2 S(S _ 1)m+1
log )" (logx)"!

:@m%mhﬂm+nl—(m+nd +

(—=1)"m! ; 1 1
zm./@ * [Sm+1(s —1) o s(s — 1>m+1} ds
_( (x —1)(log x)"™ ™ +

I = — ! .
2Ti (C)x sm(s —1) gl T ds

3
+
—_

(G0 Ly R ! s
27ti /(c) [sm(s—l) +s(s—l)’”] a
= D 1) (log )™ 4 (—1)" (x4 1)(log x)" +

ST Y N S DS NN T

27ti sm1(s—1) sm  s(s—1)m1 " (s—1)m

= S 1og)™ 1+ (<1 x4 1) log )"+ mlm — 1) —2,%)

3
_|_
—_

(2.41)



2.6 GENERALIZATIONS TO HIGHER CONSTANTS YK, m

Note that from our previous computations, e.g. see equation (2.16) we get
the m = 1 case and from [Thao6], 1.3.15 for the m = 0 case :

f(1,x)=(1—x) 2+1 logx+1(logx)

f(0,x) = (x — 1) log(x)

Now let us compute the contribution from the sum of non-trivial zeros.
We are trying to evaluate :

m+lm| 1 1
Co2m / Zx [ (s —1)(s — p)mt1 - s(s — p)mH ds  (2.42)

Similar to the m = 1 case we do this by contour manipulation. We can
take a rectangular contour as in Figure 2.1, and show that as T — oo the
value of the integral goes to zero on each side of the rectangle, except
¢ —iT — ¢ +iT. Thus, by residue theorem, the line integral on (c¢) will be
equal to the sum of residues.

For the second term in the square brackets above, in (2.42) :

1 !
the pole at s = 0 has residue : (—1)"2m! - ="

(—p)m+1 _pm—i-l )
The pole at p ( order = m + 1) has residue :

S—p =0 k ds(m—k)x dSk
m k
_ 2 m K (=1)%k!
(—1)"* m'lgr; k;o <k>xs(logx)m s
i )¥k!
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2.6 GENERALIZATIONS TO HIGHER CONSTANTS YK, m

Computations for the first term are very similar.

Residue at s = 1 will be (—1)m+1m!xZW~

The pole at p ( order = m + 1) has residue :

am x°
m+1,y “
(=)™ m ll—rgpldsm (s—l)
m (m—k) a1
— (—1)Y"tL! 1i m\ d s, 2
(=)™ mt lgr(} k:zé <k>ds(mk)x dsks—1
n —1)kk!
= (=1)""m! <m> xf (log x mok_(Z1)°K
(1t Y () o) s

Note that for m = 1 case, the residues from s = 0 and s = 1 came together
to form a constituent of g 1, whereas the rest of the terms involving x,
we wrote it as r(x) and estimated it. We will do the same here, but we
need to be a bit more careful. Since the power of (—1)" gets canceled in
computing the pole at 0. We write the net contribution as follows :

m(—1)" 1 (x — 1) [2(1_;)”1“ +r(m,x)} (2.43)
where
rmx) = {((—1)%1 —UmelH} +
kg [ 1 1 xP (log x )"k
;(k—z:o( Y k!<k) [(p—l)"“ p"“] x—1 )

Now let us compute the contribution from the Gamma factors. Recall,
= n S\ 1 _
o) = 2 [v (5) - (3)] +r20) - v

where §(s) = rT/(s) is the digamma function. Thus, taking the m-th deriva-

tive we get,

T\m r m 5 m
I 6) = g v (5) +7296)
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2.6 GENERALIZATIONS TO HIGHER CONSTANTS YK, m

We look at the series expansion of I (s) and its m-th derivative.

I’ > 1 1

" = (=1)"m!
= 1/;( )<S):_,§)((s+)k)m+1

Note that the above series expansion of digamma is valid in the entire com-

plex plane except for non-positive integers. i.e. in C \ {0, -1, -2, -3, - }.

Therefore we have the following expression for f%m) (s):

Mt 2mE (—=1)"m!
2m+1 X;) s—|—2k m+1 "2 2 (s + k)m+1

-+ 1’2) > 1 > 1
= (=1 m—+1 ! (7"1
(=)™ m gm+1 tn k; (s 4 2k)m+1 T k; (s +k)m+1

(2.44)

In the last line, we have separated the k = 0 case, and the sums now
start from k = 1. The summand k = 0 will give us the main term in the

contribution from these Gamma factors.

Remember, we are trying to evaluate the integral

c+ioco sfl~ c+ico 4S
i/C ad T%m)(s) ds — 1/C x—l"%m)(s) ds

270 Je—ico S—1 271 Je—io S

We first compute the contribution from (?L?) term. We have the partial

fraction decomposition :

So contribution from the first part looks like :

m+1

(1) Lml(ry + 12) x—l—kg(,f)!aogx)k (2.45)
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2.6 GENERALIZATIONS TO HIGHER CONSTANTS YK, m

We have used the classical formula (2.40) multiple times to get the above.
Now to compute the contribution from the series terms in (2 44) we first

notice the similarity of it to the sum on non-trivial zeros Z p)
residue computations will be very similar, only p replaced by

For the first series, we are looking at the integral :

—=. So, the

—2k or —k.

(_1)m+1m' . 1 /C+ioo . 9] 1 _ 1
27 Jelieo Z s—1)(s+2k)"*t1  s(s+2k
k=1

In the second term,

(—=1)" 2mlry
(2k>m+l

The pole at s = —2k ( order = m + 1) has residue :

ar (x°
_1\m+2. o
(=)™ m!r I%mZk) Tom < S >

U (m—j) j
= (=1)""m!r; lim Z (m> dixs A1

so(-20) g\ j /) dstm=) " dsis

the pole at s = 0 has residue :

1) 2mlr Z( ) —2K( logx)mJ’((__Zlk))]j]:1

Computations for the first term are very similar.
(=)™ mlr N

(1 + 2k)m+1
The pole at s = —2k (order = m + 1) has residue :

ar x®
—1)m 1
(=)™ m!ry I%mZk) FET (s—l)

Residue at s = 1 will be

m

(m—j) j
= (_1)m+1m!rl lim Z <ﬂ’l> dixs . i 1

—(-2%) S\ j /) dsmD" dsis—1

j —1)i{!
- (7)o

)m—i—l ) dS]
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2.6 GENERALIZATIONS TO HIGHER CONSTANTS YK, m 38

Thus the net contribution from the first series of equation (2.44)

[o0] 1 [o0]

G k; @t t

(=)™ !y [x
k=1

e B s )

k=1 |j=0
(2.46)

Looking at this, we can precisely write down the contribution from the
second series of (2.44), by just replacing 2k by k and r; by r,. We get,

y > ad 1
(-1 Hml !xl;l WA k:Zl )+ +
m+ I 7 - L o m— 1 _ 1
1) 1m. zkzzl [};)( ) 1 gx) ]] ((k)Hl (k+l)7+1>]
= (=1)" ! ry(x — 1) ki (1—1—1k)m+1 + (=1)"m!r, +
m — [y (M) - i : 1 1
ity [E)(])x og:" 1 g - (k+1)1'+1>]

(2.47)

We will summarize these computations in equations (2.45), (2.46) and (2.47)

to write the net contribution in the following form :

(x—1) [fg”)u) + (=)™t £(m, x) } (2.48)
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where
fm x) = LT T2 ”f (logx)" . i [ 11 ]
T (x—1) = ot (x=1) Z [ (1 +2k)m+1 (2k)m+1
r r g S A I 1 1
ECEDRRcEY LZ<J> 080" (s ~ (e
r = my _ m—jz 1 1
ey LZ<J> oz )" (g <k+1>f+1>]

(2.49)

2.7 BOUNDS FOR Yk, UNDER GRH

Let us first estimate ¢(m, x) as the expression is right above.

Lemma 2.7.1. For m > 1, we have

[€(m, x)| < % (e (log x)™*1 +1 + (Tn+1)!(logx)m)

x
where ng denotes the degree [K : Q]. Also, ng = r1 + 2r».

Proof. Note that after taking absolute value and applying some triangle

eng (logx)"*1

P . The next two terms

inequalities in (2.49), the first sum is <

combined is < .

Now let us have a closer look at the series terms.
As both x, k > 1, we have x % < x~1. We'll also write, (’7)]' < ml.

Thus we have,

e a——

m!(logx)™ & 1 1
x ]20 ((k)fﬂ -kt 1>f+1>

< (m+1)!(logx)™ 1
- X k(k+1)

Therefore we have the result! O

)|



2.7 BOUNDS FOR YK, UNDER GRH

Remark 2.7.2. Note that we didn’t need GRH for the above estimate.

Lemma 2.7.1 is unconditional.

Let us now estimate, ¥x (m, x). First note that it is always non-negative.

Lemma 2.7.3. For all x > 3, we have

Yk (m,x) < (logx)™ (logx - \\/f;:(%@o +1)+ 2\;;) (2.50)
Proof.

N(P)

< — 1) k™ (log N(P))™*1
k, N(P)k< x

T 1) k(log N(P))2(log N(P)")" !

k, N(P)k< x <

< (logx)" "Wg(x) [ where ¥x(x) = ¥x(1,x) asin (2.14) ]

< o o~ V2L 1)+ 2)

where the last inequality is for all x > 3 and follows from (2.25). O

Lemma 2.7.4. For m > 1, under GRH

(m12m+1/x(log x)™ + 4)

<
r(m, )] < -

(Yo +ax+ Bk +1)

Proof. Recall,

i m 1 1 ] x?(logx)™k
; (g(_l)kk!<k> [(p —1F pk“] x—1 )

(2.51)
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2.7 BOUNDS FOR YK, UNDER GRH

Note that, for m odd, the first sum of r(m, x) above, is zero. This is why,
such a term didn’t not appear in our computations for yg .
For m > 2, m even,

2 1
x_lzpm+l

2 1 2 1
< < —_—
S L S 1 L
As in the m =1 case, under GRH we can write p = % + iy and therefore,
o> = 1 +7* = p(1 —p) and so,

Z‘pl‘ZZZp(ll—p) =2(yko +ax +Bx+1)

e.g. see equation (2.4).

Now for the second sum,

i(—l)kk' m 1 1 1 xP(log x)mk

= ‘\ k (P _ 1)k+1 pk+1 x—1

< m! Vx(log x)™2 Y 1
x—1 > lp(1—p)]

< (mlzm“)ﬁiliglx)m

)3

0

(yko +ax+pBx+1)

The last two inequalities are under GRH and follows from the same
reasoning given right above. O

Note that, we have kept the Bx here on purpose. It is negative (in fact, as
we showed before, Bx < —nk ) and it will help us ignore most, if not all,
of the contribution coming from the gamma factors, as we shall see shortly.

We are now ready to state and prove our results on bounds for the
general n-th Euler-Kronecker constants :

Theorem 2.7.5. Under GRH, for dg > 8, and m > 1

m

Yim K ﬁ(log(Zm(m!)Z) +logax)™ (2 log(2™(m!)?) 4 2log ax — Y0 + 1)
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2.7 BOUNDS FOR YK, UNDER GRH

Proof. Putting our above computations together, the left hand side, from
equation (2.39) is : (—1)"(x — 1)¥x(m, x). Whereas, the right hand side is
obtained from combining equations (2.41), (2.43) and (2.48). We have,

1

(1" (x = D, ) = flmx) 4 i (-1 =) [ i

+ r(m,x)}

F(x—1) [ 0 (1) + (1) mt £(m, x) }

= (=1)"¥x(m,x) = flm,x) [Z ((1)mm! f(m)(l)} +

1 _p)m+1 T UK
m! (=1)" T [r(m, x) 4 £(m, x)]

Now from equation (2.33) we get :

= (1" x) = T (1)) 4

m!(—=1)" L [r(m, x) + £(m, x)]

i+ (<1"] = (1" W, x) + E 4 (0 )+ €, )

(2.52)

Note that, as in the m = 1 case, it is easily checked that the cumulative
contribution from the Bx term in Lemma 2.7.4 and |¢(m, x)| is negative.

And by Ihara’s bound, vk is dominated by ag. Therefore, we can write

m!2"+1 (log x)™ax

Jx

Note that the term involving ag in ¥g(m,x) as in Lemma 2.7.3 gets

absorbed in this as well. Also we see from (2.41) that |/ J(:ff )| < (log x)m+1

r(m,x) 4+ £(m,x) <

Putting this together with Lemma 2.7.3 we get

m!|ygm + (=1)"] < (log x)" <1°gx — (yko+1) + Wﬁ)
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2.8 AN UNCONDITIONAL ARITHMETIC FORMULA FOR YK, m 43

Choosing x = ((m!)22moq<)2 minimizes the second term in brackets and

gives us the bound :
2m
Yrm K %(log(Zm(m!)z) +logax)™ (2log (2™ (m!)?) 4+ 2logax — yko + 1)
O

Corollary 2.7.6. If yx o > 0 together with the conditions of the theorem, we
get

m

2
Yrm <K %(log(Zm(m!)z) —HogocK)m+1

log dx
loglogdy”

In particular, for m < we have

m+1

)m—i—l

Yrm K (loglog dk

m!

2.8 AN UNCONDITIONAL ARITHMETIC FORMULA FOR YK,m

We can also prove the following general arithmetic formula like that in

Theorem 2.5.1, unconditionally.

Theorem 2.8.1.

Yim + (_1)171 — )}1—1;1(;10 % |:(—1)m+1‘FK(ﬂ’l, JC) —+ j(:inil ?8 (253)

where as before f(m, x) is recursively defined as :

f(m,x) = (mij_);n(x—1)(logx)"“rl + (=)™ (x +1)(logx)™ +m(m —1)f(m —2,x)

f(1,x)=(1-x) [Z—l- 1t§logx+ ;(logx)z}

f(0,x) = (x — 1) log(x)

and

Y (m,x) = ! | ) (N(P)k - 1> k™ (log N(P))™+1 for x > 1
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Proof. As we saw in proof of Theorem 2.7.5, equation (2.52) :

m! [ + (=1)") = (1) ¥y (m, x) + {(’” ’3 + (=) [r(m, x) + £(m, )

From Lemma (2.7.1) we get limy_, ¢(m, x) = 0. We will show the same

for r(m, x) as well, which will give us the result.

Recall, it was the r(m, x) term which we estimated using GRH. To prove
an unconditional result, we will reduce it to the case of the proof of

Theorem 2.5.1. Recall, we wrote

rtm2) = 2 [(com - D+

x—1
m 0 m—k
Z Z(_l)kk! (m) [ : k+1 k1+1] llog )
= \i= k (p—1) 0 x—1
For fixed m, note that the first term goes to 0 as x — co. Writing p = g + i,
we get
r(m,x) < 2™ - m!(logx)™ ) 2

We note that in the computations for the proof of Theorem 2.5.1, if we
replace logx by (logx)™, it still works, giving us limy_ . r(m,x) = 0.

Therefore, we have

Yn +(=1)" = lim % (=)™ ¥ (m, x) + {ini 38



BOUNDS FOR THE FUNCTION FIELD
CASE

3.1 PRELIMINARIES

In this chapter we deduce similar bounds as in Chapter 2 for the function
field case. Let q be a power of a prime and IF; be the finite field with
g elements. Let K be the function field of a curve X over IF; of genus g.

A good reference for the basic facts about the zeta function (k(s) is [Rosoo].

We set u = ¢, then the (k(s) is a rational function of u of the form

_ ng:1 (1 —mu)(1 —Tu)

i T — <<
(1—u)(1—qu) with 7 =q forall 1<i<g

(3-1)
or % of k(s) in u corresponds to infinitely many

Ck(s)

1
i
zeros in s and all of them are translations of a zero by

Note that each zero
27in
logq”’

n € Z. Similarly,

poles are translations of 0 and 1 by fo’g’;, ne-z.

Also, (k(s) has a simple pole at s = 1, and thus like the number field case
we can write the Laurent series of it’s logarithmic derivative as
Ck(s) _ -1

7x(5) =51 + ko0 + vka(s—1) + --- (3.2)

and define 7k, as the general m-th Euler-Kronecker constants.

Ihara in [Thao6], 1.3.10 derives the following Stark like lemma.

Lemma 3.1.1.

_C}<(s)_1+ 1 -y 1

1
+(¢—1)lo +
O RE i Y (§—1)logq 9#20,15_

g (3-3)
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3.1 PRELIMINARIES 46

where p runs over the non-trivial zeros of and 6 runs over all poles # 0,1

of k(s).

Proof. Write a simpler rational form {x(s) = [T,ea(1 — ag~*)*, where
Ay = £1 and A is a finite subset of C*. Taking the logarithmic derivative
we get,

Ck(s) —aq " logg Ck(s) log g
=) e == ) A (3.4)
G0 S EM T T ae) T B My
Now consider the partial fraction formula :
11 . g 1
er—1 +§ N 711—I>Ic}o n:Z_T z — 27in
Substituting ¢ = a~1g° = z = slogg — loga we get,
1 1 L 1
T |
algs—1 T H:Z_:T slogg —loga — 27min
log g logg .. L 1
a—lqs 1 + 2 ]lgrolo s — logfggénin
—fm Y- ¥ 65
T—o0 8 S — 5_ s — ﬁ
gP=un gP=ua
BI<T

Putting (3.5) in equation (3.4) we get,

CQk(s) logg v 1
0 ZM( 2~ L Sﬁ)

acA gP=a

logq 1 1 1 1
=21y A+ |Z+—+ —~
2 ag : s s—1 polggs—e z§55—P
00,1
1 1 1 1
= - — -1 —
s+s—1 Z:s—p—i_(g )qu—i—g#zo;ls—

We have

o (), 1
o=t (257 + 574



3.2 BOUNDS FOR YK, 1

and using Lemma 3.1.1, we get

1 1
’YK,O—ZH — (§—1)logq — 97%11_9 -1

In [Thao6], Ihara deduces the following upper bound for yx :

Theorem 3.1.2. (Ihara) For ¢ >2or,¢ =2and g > 2,and ax = (g —1)logg

we have

1
YKo < <zK+1) (2logax +1+1logg)

3.2 BOUNDS FOR 7K, 1

Differentiating (3.3) we get,

1 1 1 1

Z%(s) = a2 (5_1)2 +Z(S—p)2 —97%1(5_9)2 (3.6)
Taking limit s — 1 we get,
1 1
’YK,lZl—ZW + E a—e2 (3.7)

0£0,1

We do the same process as in the number field case, namely, we consider
the integral

(1) B 1 ctico 4 S—H
Y (x) = 5 /Ciioo HZ%(S) ds forc>0

for y = 0 and 1 and evaluate the expression x‘I’g)(x) — ‘Y%O)(x) in two
different ways using equation (3.6) above and another expression coming
from the Euler product. Note that by ¢ > 0, we just mean that we are

considering the integral on a line s = ¢, far to the right of 1.

Looking at the similarities of equation (3.3) to the number field case
of (2.3), we see that we only need to tweak our computations a little bit,
particularly, instead of the gamma factors, we need to do the computations
for the sum related to the poles, rest is similar. The contribution from the
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3.2 BOUNDS FOR YK, 1

poles will be
0(0 —1)logx — 6%+ (1—-0)2 «° 1
x—1 . + -
( ) L;;O:,l 62(1 — 6)2 x—1 9;%1 (1—-6)2
- [+ Y | Gsay)
60,1 (1-9)

Thus we will have the formula,

1+x
1—x

rr1 = Yr(x) —1—

log x — %(log x)? 4 r(x) —L0(x) (3-8)

where as before,

: (e 1) 2
Yi(x) = ——— — 1) k(log N(P for x > 1
(3-9)
e (o-1logx— g+ (1—pP
_ plp—1)logx —p*+(1—p)” x
=0 21— pP i
and (6 —1)1 02+ (1-0)2 «
- —1)logx —0°+ (1 — X
tx) = 21 02(1— 0)2 -1
poes
00,1
Upper bound for Yk (x)

As in the number field case, we have

i) =1 X (1) kog NP

k, N(P)k< x

k, N(P)k< x

< (log x) @k (x) (3.10)
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3.2 BOUNDS FOR YK, 1

1 x
Where &g (x) = 1, N(%)kg ) <N(P)k - 1) (log N(P)).

This is the counterpart of our ¥x(x) used by Ihara in [Thao6] to compute

Yk, 0- Also note that ¥x(x) > 0. Thara showed the following upper bound
(e.g. see Main Lemma (see 1.5.6) and Lemma 2 of [Thao6])

x—1
\\;>;_|_1(7K0+Cq) f+1+logq

:»\PK(x)S(IOgX)z—< \F:)(l%ﬂ(w,ﬁcq) 25;1:?13(

+ (log x)(log 9)

= ¥k (x) < (logx) <logx —vko +1logg + 0c1<>

ﬁ
(3.11)
Note that, here
g = g1 log g
T 2(-1)
Upper bound for £(x)
0(0 —1)logx — 6%+ (1—-0)> «°
() =2 — 9§(1—9)2 e X1
670,1
_ logx x0 1 xb xb
= x—19§0:19(9—1) +x—19;01 {92_ (1—9)2}

< logx (Note that Re(8) = 0 or 1, and the series are abs. convg. )
(3.12)

49



3.3 GENERAL CASE : BOUNDS FOR YK, 50

Upper bound for r(x)

Since GRH holds in the Function field case, p = % +iy, thus1—p =
% — iy =p.
We will have, like in te number field case, (and [[hao6], 1.3.11)

log x g+1 ak(log x)
r(x) < r (Yko +akx + 2—1) logg) < — (3.13)

We now have all the estimates to prove our theorem :
Theorem 3.2.1. For g > 2 or, ¢ = 2 and q > 2, we have

vk1 < (logag)(2logagx — vk +logg +1) (3.14)
where ag = (¢ —1)logg
Proof. Plugging in the bounds obtained for ¢(x) in (3.12), (x) in (3.13),
¥x(x) in (3.11) into the equation (3.8) we get :
&K
rx1 < (logx) <logx — ko +logg + ﬁ)

Choosing x = a% we get,

7k1 < (logak)(2logax — yxo +logg+1)
where the last inequality follows from the bound on ko due to Ihara, as

in Theorem 3.1.2. O

3.3 GENERAL CASE : BOUNDS FOR YK,n

Hence, differentiating (3.1.1) n times we get,

R I s A Ve R W

(3-15)




3.3 GENERAL CASE : BOUNDS FOR YK,

and therefore, letting lims — 1

= (1) () D + O E

00,1

= Yrn = (_1)n+1 + (_1)n2¥ + (_1)n+1 Z #

/ (1—p)n+T 051 (1—6)+1
(3.16)

The computations are very similar. We have
1 X
Yi(n,x) = ) <k — 1> k" (log N(P))"*! for x > 1
x—1 k, N(P)k< x N(P)

(3.17)

together with (for n > 2)

Yx(n,x) < (logx)" Wi (x) < (logx)" (logx — Yko + log g + fé/l;)

(3-18)
((s__ll))n’fl can be similarly com-
puted to be the function f(n,x) as defined in Theorem 2.8.1. Also, we
had f(n,x) < (logx)""!. Similarly, since GRH is known in this case,

contribution from the non-trivial zeros is

The contribution from the term : (_S%"! +

n!(—=1)"(x - 1) (Z(l_lp)nﬂ + r(n,x)>

where,
ag (log x)"

Jx

The only new thing we need to compute is the contribution of the poles.

r(n,x) < (ni2"*)

Which again, looking at the similarity of the term to that of the zeros,

looks like : .

n!(—1)"(x —1) <2(1_9)n+1 + E(n,x))
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3.3 GENERAL CASE : BOUNDS FOR YK,

where
1 AN o (=D)kk!
. _1\n | 0—1 n k_i
=g (x( 1) <n.>k§0<k)x (log )" - p—ye
00,1
: " k(=K
—(-1) (Tl!)kzo<k>x9(108x) k'<9k.~)_1 )
nix(log )" - (n 1
ST kzzo<k> p%s @ 1)1 ger
60,1

< n!2"(log x)"

Note that the first inequality follows from the fact that Re(f) = 0 or 1
whereas, all the series in the second inequality is absolutely convergent.

We are now ready to generalize Theorem 3.2.1.

Theorem 3.3.1. For g > 2 or, g =2 and g > 2, we have

2
Yion + (—1)" < = (log(n12"ax))" (21og k) — o +log g + 1+ ni2")

As before, here ax = (¢ — 1) logg.

Proof. Putting our computations together,

(x — 1)¥x(n,x) = f(n,x) +nl(~1)"(x — 1) (2(1_1@%1 n r(n,x)>
+n!l(=1)"(x—1) <Z(1_19)n+1 + E(n,x))
= i) = L ) D e () Y
, (x—1) (1— p)n+1 o5 (1— )

+r(n,x)+£(n,x)

|
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3.3 GENERAL CASE : BOUNDS FOR YK, 53

f(n, %)
(x—1)

! (ygn+ (=1)") = =¥x(n,x) + +r(n,x) +€(n,x)

1on+1
< (logx)" <logx — YKo +logg + n.Z\/EocK + n!Z”)

choosing x = (n!2"*1ak)? to minimize the sum, we get our result

2
Y+ (1) < E(log(n!Z”HacK))"(Z log(ax) — vk0 +logg + 1+ n!2")

O]



MOMENTS OF HIGHER DERIVATIVES OF
L(s,x) ATs =1

4.1 PRELIMINARIES

Let K be a number field and x be a primitive Dirichlet character on K
(i.e. a primitive Hecke character with finite order). Let L(s, x) be the
L-function associated to it. In particular, when x = xo, the principal
character, L(s, x) = {k(s), the Dedekind zeta function of K. The completed
L-function is of the form :

&(s,x) = ABT <S ;L 1)a1" (;)a, I(s) L(s, x) (4.1)

and satisfies a functional equation : (s, x) = €(x)&(1 — s, x), where &(x)
is a constant of absolute value 1. A, B are constants involving 2, t, the
discriminant of K and the conductor f,. As we’ll be concerned with higher
derivatives, we haven’t written them down explicitly, but interested reader
can have a look at p.211 of [CF76] or for Hecke’s original proof see [Hec83].

Also note that, here a (resp. a’) is the number of real places of K where
X is ramified (resp. unramified), r; = a + a’ is the number of real places of
K and r; is the number of complex places in K.

For x # xo, taking the logarithmic derivative of (4.1) and using Hadamard
product one can then deduce a Stark like lemma (e.g. see Lemma 2.1 of
[Stay4] or p.83 of [Davoo]) :

L'(s,x) al’ /s al’ (s+1 I 1 1
L(s,x) _C_2F(2>_2r< 2 >_r2F(S)+;<s—p+p>

(4-2)

C being a constant involving log of terms in B in (4.1) etc.
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4.1 PRELIMINARIES

For the rest of the chapter, we will denote the LHS by L(s, x), i.e.

L'(s, x)

Llox) = L(s, x)

(say)

On the other hand, by taking the logarithmic derivative of the Euler
product of L(s, x) we get :

k
L(s,x)=-Y, (ﬁgg) log N(P) (4-3)

Pk

Ihara, Murty and Shimura proved the following theorem in [IMSo9] :

Theorem 4.1.1. (Ihara, Murty, Shimura)
If x # xo, then

L(1,x) = = lim ®g,(x) (4-4)
where
D (x) = — i ; Y <N(xp)k — 1) x(P)¥ logN(P) ( forx > 1)

N(P)k<x

Here, k is a positive integer and the sum is taken over non-archimedean

primes. Under GRH, they have shown the following upper bound :

log |dk| + loglogdx>

|£(1,x)] <2 loglogy/dy +1—yko+ O( log d,

Here, d, = |dx|N(fy) and 7k is the Euler-Kronecker constant of K.

The proof of the above theorem follows its counterpart for the Dedekind

zeta function, due to Ihara in [Thao6]. It is based on computing the integral

() 1 c+ioco xS—H
d (x):ﬁ/c_iw S_Vﬁ(s,x)ds forc>0

for y = 0 and 1, in two different ways using the equations (4.2) and (4.3)
and then estimating the terms.

Remark 4.1.2. Due to equation (4.2) and (4.3), using the same methods as
in the case of vk , in Chapter 2, similar formulas and bounds for higher
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4.2 AN “EXACT FORMULA" FOR L' (1, x)

derivatives of L(s, x) at s = 1 can be computed. We present some of those

computations in the next sections.

4.2 AN “EXACT FORMULA" FOR L'(1, x)
Differentiating equation (4.2) we get,

L'(s,x)=— Z 5—p)2 + T%(S) (4.5)

2 42 2
>+2k§O <s+2k_1+2k>

»
e
7N\

»

+

—_

+

N

XA

|

N

XA

+

N

© 1
+ rz; <s+k_1+k>

Here v = lim; [Zgzl % —1In n} ~ 0.5772... is the Euler-Mascheroni

constant and n = [K : Q]. Differentiating we get,

> 1 > 1 = 1

L e e "N e

Differentiating the Euler product in equation (4.3) we get,

k
£sm =Lk (55 ) togNP)? 46)

Pk

To find a similar ‘exact formula’” as in the case of g1, we evaluate the

integral :

(1) _ L /c+z‘oo xS—H ;
¥y (x) el A y/: (x,s)ds forc>0
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4.2 AN “EXACT FORMULA" FOR L' (1, x) 57

For y = 0 and 1 in two different ways using equation (4.6) and equation

(4.2) and the classical formulas:
‘ 0 0<y<l1
1 c+100 yS d _ 1
277Ti/c—ioo? s=45; y=1 (4.7)
1 y>1
From the Euler product we get :
1 0 x

A0 400 = T k(1) PN 48)

k, N(P)k< x
Looking at the above computation, we define :
1 x
Yy(x) = Y, &k ( - 1) x(P)*(log N(P))? for x > 1
x—1 k, N(P)k< x N(P)*
(4-9)
On the other hand, from equation (4.5) we get,
1)y g0y = X /C“‘” Lol I S S
x¥y (x) =¥y (x) = el — ) CEE +1T%(s)| ds
1 ctico 45 1 5
— — ==Y ———+T d
27ti /c_ioo s [ L (s —p)? + X(S)} ’

Computing similar contour integrals as yx 1 we see that, contribution from

the ), term is :

~1log x — 02 _ 52
(1-x) [ZP(P 1)1p52;(>;_2)2+(1 p) ‘xx_Pl Lyt

—(1-x) [w) e

(4.10)




4.2 AN “EXACT FORMULA" FOR L' (1, x) 58

For contribution from the f;( (s), we first re-write it as follows :

! 00 (e} o0
P S B 1
D) ==~ ol rirap "L e E GaRp

k=1 k=1

For the first term in the above equation, we have

, X c+ioco xs—l 1 /c+ioo xS
. X SR N Y
(@ +12) [Zm' /c_ioo s2(s—1) ; 2710 Jeoiw 2
, xoqete /1101
- _ * o) ds —
(@ +r2) [27‘(1‘ /C,Z-oo * <s 1 s 2) ™
1
= —(a' + 1) [x —1—logx — 2(logx)z]

logx  (logx)?
(x—1) 2(X—1)]

N = —

(log |

=(a'+r)(1-x) [1—

Note that, as before, here we’re using the classical formula : (for n > 1)

1 /c+z'oo " 0 0<y<1
aogy)"  y>1

2711 c—ioco S"+1

For the rest of the terms involving series, the computations are similar to

that of ——; and we get the total contribution of f;c(s) terms to be :

(s—p)



4.2 AN “EXACT FORMULA" FOR L' (1, x) 59

logx  (logx)?
(x—1) 2(x-1)

(@' +12)(1—x) {1 -

S (2k +1)(2k +2)log x — (1 +2k)? + (2 +2k)2 x~2-1 & 1
a(1—x) LZO (2 4 2k)2(1 + 2k)2 -1 T k§0<z+zk>z +
, ® 2k(2k + 1) log x — 4k? + (14 2k)?  x~% > 1
a(1-2) LZ% 4k2 (1 + 2k)2 x—1 +k; (14 2k)2 +

= k(k—i—l)logx—kZ—i—(1—|—k)2 x7k =
r2(1—x) Lzl R T2 + k21 1—|—k
=(1—x) [y(x) - f;((l)] (say)

(4.11)

Putting together equation (4.8), (4.10) and (4.11) we get

(x = 1)¥x(x) = (1 —x) |rx(x) + Z% + (1 —x) [y (x) = T5(1)]

=¥y (x) = Ly(x) +ry(x Z

£1,x) = ¥y@) + () + ) (4.12)

Note that,

[Fx(x)] < Fr(x)

< (logx) <logx — YKo + 2\%)

where the last inequality is under GRH, follows from (2.25)
Lemma 4.2.1. For x # xo, we have (unconditionally)

o) = 0 (")

x
Here the implied constant is absolute.

Proof. Note that the series are absolutely convergent and thus, contribution
from the series terms are : O( (aHi)legx + 2 1x°3gx) = O("Klng) Whereas,

the first term is O(%gx)z). O
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We are now ready to state and prove our exact formula :

Theorem 4.2.2. For x # Xo, we have, unconditionally,

L'(x,1) = lim ¥,(x)

X—»00

Proof. From the above lemma, limy_,o £, (x) = 0 . For the r, term, note
that following the exact same steps as in the computation of limy_, r(x),
for g1 we can show that limy_,e 7y (x) = 0.

O]

We also note that, since 7, (x) has the same expression as that of r(x) in
the computaion of vk 1, we get, under GRH, ( writing p = % + i)

_ logx xP 1 —2iy/xsin(ylog x)
() = Zp@—D'+x—1z

P - p) (4.13)

Thus, (for x # xo)

flogx
()l < x—1 Z\p —1 x—lz\l—

~ Vx(logx +2) 1
=T a1 Zpiop)

— 2\/}(310:5915 +2) (L(x,1) +ag, + Px,x)

The last equality follows from, Theorem 2 of [IMSog]. Here,

“K,X = %logdx Where dX - |dK|N(fX)

Bix = — 2 (v +logdm) — “572(y + log )

fy being the conductor of x and v = g, being the Euler-Mascheroni
constant. Note that, from Theorem 3 of [IMSog] we have L(),1) < agy.

Thus we can write,
log x
re(x) < } (akx) (4.14)



4.3 GENERALIZATION TO HIGHER DERIVATIVES

4.3 GENERALIZATION TO HIGHER DERIVATIVES

In this section we present a generalization of the limit formula as in
Theorem 4.2.2. For n > 1, we look at the n-th derivative of the Euler
product in (4.3) :

x(P) \F
1 1
€060 = (R (Hpr) togN)™ )
Similarly differentiating (4.2) n-times,
LM (s, x) ”'Z Sy + T(s) (4.16)

We similarly evaluate the integral :

1 CFico yS—H (n)
‘I’X(y,n,x):2—7_[1,/C_i0o s—]/tﬁ (x,s)ds forc>0
For y = 0 and 1 in two different ways using equation (4.15) and (4.16).
Thus on one hand we have,

x¥y(1,n,x) — ¥, (0,n,x)

S I N (N("W—l)xw)k(logN(P»"“ (4.17)

k, N(P)k< x

On the other hand we can similarly compute the contribution from the }_,
term and I'-factor. For the non-trivial zeros we do similar contour compu-

tations. The pole at s = 0 (resp. s = 1) has residue —p,ﬁ% (resp. %)

where as residue at s = p (pole of order n + 1) is (—1)"lim;_,, % (x?)
(resp. s replaced by s — 1 while computing ¥k (1,7, x)) so that the total
contribution will be of the form (x —1)[r(x,n,x) — (=1)"n! ¥, W]

where

r(x,n,x) x—l [le_mdsn ( S_1> Zl—m ds" <xs>]
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4.3 GENERALIZATION TO HIGHER DERIVATIVES

Also, following along the same lines as Theorem 2.8.1 of Chapter 2,

unconditionally we have r(x,n,x) — 0 as x — co.

Now for the Gamma factors, first note

= (n) wy [(@ +12) = 1
Iy = (=1)"p! |21
x (8= (Dt =5 +”,§(s+1+2k)n+1
S (st 2k)mT T k)

from the residue at s = 0 the fg(”) (1) term will come and we will similarly

be able to write, the total contribution as (x — 1)[¢(x, n, x) + 1:)((;1) (1)]. The

. / .
main term of ¢(x,n,x) comes from the ”S,jrf term as before and thus is

< M, in particular ¢(x,n,x) — 0 as x — oo. Therefore we have the
following theorem.

Theorem 4.3.1. For x # xo, we have, unconditionally

£, x) = lim (=1)" ¥ (x,n,x)

X—r00

Remark 4.3.2. Note the difference in the limit formula in comparison to
Theorem 2.8.1, in particular the the absence fo the f(#, x) term.

Remark 4.3.3. Looking at the similarities of the computations for yg ,, for
the Dedekind zeta functions of number fields, we can easily deduce some
bounds for these higher coefficients £ (1, x) as well. Here we just write

them, proofs are exactly similar. Under GRH, for |dkx| > 8, we have

L'(1,x) < (logax,)(2log ak y — ko)

whereas,

m

2
E(m)(l,x) < %(A +logak )" (A +2logak, — ko)

Where A will be a constant, A = O(log(m!)).
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4.4 MOMENTS ! A BRIEF HISTORY

We will now focus our attention to the case when K = Q and in the
following sections, study the moments of higher derivatives of L(s, x) at
s = 1, where x runs over all non-principal multiplicative characters of
large prime conductors. Before that, let us first have a brief look at some

of the rich history of the study of moments of L-functions.

4.4 MOMENTS ! A BRIEF HISTORY

The distribution of values of Dirichlet L-functions L(1, x), for variable x
has been studied extensively and has a vast literature. However the study
of the same for logarithmic derivatives L'(1, x)/L(1, x) is more recent. Let
m be a prime and X, denote the set of all non-principal multiplicative
characters x : (Z/mZ)* — C* and L(s,x) denote the corresponding
Dirichlet L-function.

For any pair of non-negative integers (a, b) let P(*")(z) = z°2". A result
of Paley and Selberg states that (e.g. see [Pal31] )

1

o L PUULL ) = E(2) + O((logm)?/m)

XEXm

This was later improved and by many authors. W. Zhang [Zhago] general-
ized to the case of P*X), In [IMSog], Ihara, Murty and Shimura studied the
moments of the logarithmic derivative and proved the following theorem :

Theorem 4.4.1. (Ihara, Murty, Shimura)
Let m be a large prime number, and let X, be the collection of all
non-principal primitive Dirichlet characters x : (Z/m)* — C*. Then

LS PEb (1, ) /L(L,x)) = (~1)" P 4 O (418)

|}<WZ ’ XEXm

for any & > 0. In particular,

lim L
m—eo | Xy |

Y, PUO(L(1,x)/L(1,x) = (=1)" ' u
XX
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4.5 MOMENTS OF £/(1, x) (CONDITIONAL : UNDER GRH) 64

Here 3" is a non-negative real number defined as follows :

d n)N\y(n
=) a<1)12b() where Ag(n) = ) A(m)---A(ng)
n=1 n=ny-ny
k > 0 and A(n) = logp, when n is a prime power and 0 otherwise (the
von Mangoldt function ).

In the subsequent section the author wishes to derive similar theorems
on moments of the higher derivatives of L(s, x) = L'(s, x)/L(s,x) ats = 1.
Note that, the author was not able to find a good reference that studies
moments of higher derivatives of L(s, x) at s = 1 but the case of s =  (and
fractional moments) has been studied by Conrey [CONS8S8], Milinovich
[Mil11], Heath-Brown [HB10], Soundararajan [Souog], Sono etc. For exam-

ple, Sono [Son14] recently showed :

Under GRH, for 1/2 < k < 2 and m € Z>( we have,
1 k) (1 0m) (1 K2+ 2knm
o(q) Z P L 517( < (logq)
x(mod gq)

X#Xo

whereas for k > 2, for any € > 0, under GRH,

v plkk) < <;/X>> < (logq)k2+2km+e

(P( x(mod gq)

L

where Z* is over all primitive Dirichlet characters modulo g.

However note that, methods used in the above do not seem to apply to
our case. Ours is more of an extension of the work done in [IMSog].

4.5 MOMENTS OF L'(1,x) (CONDITIONAL : UNDER GRH)

Before we dive right into our theorems, let us look at the following neat

connection due to the orthogonality relations of characters.



4.5 MOMENTS OF £/(1, x) (CONDITIONAL : UNDER GRH)

Let « : N — C be such that, for any € > 0, a(n) = O(n¢). Consider the
Dirichlet series (absolutely convergent for Re(s) > 1)

© a(n
-L

Let X}, = X, U {xo0}. For each x € X}, consider the associated series

Let ax(n) denote the Dirichlet coefficient of n~° in f(s)* for k > 0. Then
from the orthogonality relation for characters lead to the asymptotic
formula : (writing o = Re(s) )

|X1*‘ Y, POV (fi(s) i )+Ou,b(m1+€"’) (4.19)
m XEX n=1

For any s with ¢ > 1 + €. In particular, taking the limit m — oo

1 o Xa(1)ap(n)
lim —— plab)(
Now one can ask whether this holds for s = 1 (or even for Re(s) < 1) when
X, is replaced by X,,. It turns out it depends on the analytic properties of
f(s) to the left of 1. For the case f(s) = L(s, x), Ihara, Murty and Shimura

in [IMSog], first showed, under GRH, the error term for each y is small.

This together with bounds obtained for £(1, x) gives a formula similar to
(log m)a+b+2 )

(4.18), where the main term is same and the error term is O( o

To obtain the unconditional result, as stated in Theorem 4.4.1, they used
Montgomery’s result in [Mon71] on estimating the number of zeros in a
rectangular region for ¢ > 4/5 and showed that the average value, of the
absolute value of the error terms, is sufficiently small. Following in their

footsteps we also first prove a conditional result.

As mentioned before, for the rest of the chapter, we are considering
the case K = Q, unless otherwise specified. Let m run over all odd prime
numbers and for each m, let X;, be the collection of all non-principal
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4.5 MOMENTS OF £/(1, x) (CONDITIONAL : UNDER GRH)

primitive Dirichlet characters x : (Z/m)* — C*. As ususal by A(n) we
wil denote the von Mangoldt function :

A(n) log p if n = p* for some prime p and integer k > 1,
n) =
0 otherwise.

Similar to [IMSog], we define

1 n=1,
AO(TI) = {

0 n>1
Ac(n)= ), A(m)---A(ng) fork >0. (4.20)
n=ny---Ny

Note that Ag (1) = 0 unless the sum of exponents in the prime factorization
of n is at least k. Also we have, for1 <k <r

AP = 3 AP A

iy tig=r

= (,C B} 1) (log p)* (4.21)

Following Section 3.8 of [Ihao8], we see that if n has the prime factoriza-
tion n = []j_; p;’ then, Ag(n) is the coefficient of the monomial x7" - - - x;"
in the polynomial

i=1

k
(Z(log pi)(xi+ 7+ + x?"))

Letting x; = 1 for alli = 1,- - - r we see that
, k
Ag(n) < (Z ;(log Pi))) = (logn)* (4.22)
i=1

For our purposes, we also define :

A (n) = Y. A(m)---A(ng)(logny) - - - (logng)  for k > 0.

n=ny- 1

(4-23)
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4.5 MOMENTS OF £/(1, x) (CONDITIONAL : UNDER GRH)

and for k = 0 it is equal to Ag(n). Note that applying arithmetic mean is
greater than or equal to geometric mean inequality we see that :

k k
[ Tlogni < (loI%kn) and so,
i=1

2k
(loikn) (4-24)

(' Ag(n) < (lolfk”)k/\k(n) <

We now have a look again on ¥, (x) as in equation (4.9) or ¥(x,1,x) of
Theorem 4.3.1. In particular, for K = Q, it takes the form :

=1y 3k (2 -1) ) tog
1
- L (5 =1) x(p")tog p) hog )
=71 2 (1) atmamogn) (425)

For each pair (4,b) of non-negative integers, we define

(@) — o) — 3> L0alt) CAu(n)

2 2 (4.26)

n=1
Note that i(%0) = 1, i(*0) = 0 for all a > 0, in all other cases ji > 0.

In particular,
5 © 7 A(n)log(n)\>
14(1’1) Z ( (n) log( )>

n=1 h

Theorem 4.5.1. For each pair (a,b) of non-negative integers and for x > m,
we have

2d
X Z plb) (Yx(x)) = .ﬂ(a'b) + Oup <(logmx) ) (4.27)

XEXm

Here ¥, (x) is as in equation(4.25) and d = a+ b + 1.
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4.5 MOMENTS OF £/(1, x) (CONDITIONAL : UNDER GRH)

Proof. Note that for x = xo, Yo(x) = O((logx)?). Thus if we include
the principal character in proving the theorem, it will effect the results

by O (W) which is less than the error term. As before, we write
X = Xm U {xo},

1
D) = P (B0) = gy L ¥ 438)
mi xeXs | XEX5

For our purposes, we present in the following lemma, a general version of
4.2.2 and 4.2.3 of [IMSog].

Lemma 4.5.2. For some x > 1, and x € X, if gy (x) = ¥,<, g(x, n)x(n)
then,

m—1
X X* Y. gxl(x =Y A9, x)A" (), x) (4-29)
=1

XGX*

where

AGx = p ng”

c ME<Xx i=
ny- nk =j (modm)

for k > 1, and for k = 0 define )\(O)(j,x) =1forj=1and 0 forj > 1.

(Recall m here is a prime number and a4, b non-negative integers.)

Proof. This is a direct consequence of orthogonality relations of characters.

In particular, a typical term in the sum in the LHS of (4.29) looks like

a b
<l—[g(x/ n) [ Te(x, mj)) x(ny - ng)x(my - - mp)
i=1 j=1

When summed over all yx, it has a nonzero contribution only when

(ny---ny) = (my---my) (mod m) and hence we have our result. O

X

68

Thus applying Lemma 4.5.2, in our case with g(x,n) = 15 (2 — 1) A(n) logn,

we get, g, (x) = ¥, (x) and hence from equation (4.28)

m—1

ﬁ(a,b)(x) _ Z A(”)(j,x)/\(b)(j,x) (4-30)
j=1
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) ﬁ(—l) (n;) log n;

(x - 1)k Ny, Np<x =1
ny---n=j (mod m)

k

= — — 1) n;)log n;

(x - 1)k 1=0 ny Zn:k<x H < Z
ny---n=j+Im

[(x* =) /m)]
= Z L(k)(j+lm,x) (say) (4-31)
1=0

here [.] in the upper limit of the sum, is the greatest integer function. Note
that L) (N,x) # 0 only when N < x* and in this case,

k[ x
LO(N,x) = G _1 0 Y. 11 ( - 1> A(n;)logn;

ny, - p<x j=1 nl
nl---nkzN
1 k
<= Y JIAMn)logn;
N ny M<x =1
nq 'ﬂk:N
1, (log N)* 4 (logx)**
< — <
_NgAk(N)_ KN <k N
(4-32)
Thus the net contribution of the terms [ > 0 in (4.31) is given by :
[(x*—f)/m] (log x )% 1 1
L©(j+Im,x) < -2 <1+ St )
l; ( ) m 2 [k /m]
_0 < (log x)2k+1 >
m
Therefore we have,
. . log x)%+1
A, =10, + 0 (LB 439

For the main term, we also use the inequality as in (4.2.9) of [IMSo9] :

Forx >0andi,j>1 wehave (x—1i)(x—j) > (x—1)(x—ij)
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4.5 MOMENTS OF £/(1, x) (CONDITIONAL : UNDER GRH)

Generalizing,

(f=DF > (x—m)o- (x—m) = (x =D (x =y

On the other hand,

That is,

SShE) el e

Note that, in the sum of L*) (j,x), since j < m, if we choose x > m, the

condition ny, - - - ,n; < x is automatic. Thus,

_OAG) <(10gm)2k> (4-35)
m

and so,

AR (j,x) = glA](]) +0 <(logxm)2k+1> (4.36)
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4.5 MOMENTS OF £/(1, x) (CONDITIONAL : UNDER GRH)

Plugging this in equation (4.30)

- 1 1 2(a+b+1)
oy Mho)w((ogx)m ) 437)

j=1

Note that for j > m,

2a+2b

CAa(j) £ A () (10g1)
Z: ]’2 < aabb Z ]
j=m j=m

_ ( (log m)2e+2b >

m

Therefor for x > m,

) . log x 2(a+b+1)
4@ (x) = 70 4 0,, <<8)> (4.38)

m

and that completes the proof.
O

We are now ready to prove the main theorem of this section, which is
essentially a corollary of Theorem 4.5.1 and Theorem 4.2.2.

Theorem 4.5.3. Under GRH,

1

| Xom| m

Y PeOL(1,0) = i)+ 0 <

XEXm

(log m)z(a+b+1) )

the implicit constant depends on 4, b. In particular,

1

lim PEb) (£/(1,x)) = (—1)*bgalab)
’”ﬁ‘”’XUgm (£'(Lx) = (=1)""n

Proof. Note that for K = Q, lemma 4.2 takes the form :

L/(S/?C)_ 1 q 17 (s+a 1
L(s,x)__zlogn_zr( 2 ) +2< . p> (4-39)

For example see p.83 of [Davoo] . Here a = 0 (respectively, a = 1) if x is
even (resp. odd) and B(x) = ¢’(0, x)/¢(0, x). The sum is over all
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4.6 MOMENTS OF £'(1, x) (UNCONDITIONAL)

non-trivial zeros p of L(s, x), i.e. zeros in the critical strip.

Writing L£(s, x) = L'(s, x)/L(s, x) and differentiating we get

, _ ad 1 B 1
£l = k;(sﬂuk)z ;(s—p)z (4-40)

From the exact formula in (4.12), Lemma 4.2.1 and equation(4.14) we get,
under GRH

, log 7 1 log x)2
201,20 =¥yl +0 (BB QB

the implicit constant being absolute. Putting x = m? in both equation (4.41)

and Theorem 4.5.1 completes the proof. O

Remark 4.5.4. The proof Theorem 4.5.1 and the Lemma 4.5.2 suggests that
we should be able to generalize these ideas for the moments of higher

derivatives, £ (1, x). We will explore more on this in a later section.

Remark 4.5.5. Note that Theorem 4.5.1 is unconditional, we are only using

GRH in Theorem 4.5.3 essentially to estimate the (error) difference between
w7 yex, PO (L(1, 1)) and (3 ¥yex, PP (¥ (x)). Without GRH, it's

a little more work to manage this error term, but it can be done. This is

what we explore in the next section.

4.6 MOMENTS OF L'(1,x) (UNCONDITIONAL)

In this section we prove an unconditional version of Theorem 4.5.3 :

Theorem 4.6.1. For any € > 0, we have, unconditionally,

% L POE0) = 5 +0 (me )
ml xeX,

the implicit constant depends on 4, b. In particular,

lim Y PR (L/(L,x)) = (~1)*

m—» 00 |Xm| XEXm
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4.6 MOMENTS OF £'(1, x) (UNCONDITIONAL)

Remark 4.6.2. The key difference here, is that under GRH, the individual
terms for each x in the error were small, whereas unconditionally we will
show that the average of the error terms is small. In particular, we will
show that for large x,

o TP, x0) - POV (g ())| !

|Xm | XEXm

To do this, much like Section 5.4 of [IMSog], we will employ zero-sum
estimates of L(s, x). Note that the above result together with Theorem
4.5.1, will give our unconditional Theorem 4.6.1.

We start with an easy inequality (This was used in 6.8 of [[hao8] and 5.3
of [IMSo9]), we include a short proof as well.

Proposition 4.6.3. For any w,z € C we have
[P (z + 1) — P (2)] < (a + b)|w] (|2 + |w])"*~!

Proof. First note that for any n > 1,

(z+w)" —2"| = ‘<n>z”_lw+---+ <n>w”
1 n
n n—1 . i1
< nfo (_Zl(i_J’Z‘” Tl )

= nfw|(|z] + Jw])"™"

where the last inequality follows from (%) < n(%"}) for 1 < i < n. Thus,

P (z 4+ w) — P (2)| = |(z +w)* (z F w)? — 2°Z|
|z +w)ztw) - EF0) +2EF o) - 27
<|z4+w/’|(z+w)" -2 + |z|*| z F w)" — 2|
< alw|(|z| + [w] )"+ b(|2] + [w])[@](|2] + [@])" "
< (a+b)|w|(]z] + [w])™"!
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4.6 MOMENTS OF £'(1, x) (UNCONDITIONAL)

Choosing, z = £L'(1, x) and w = ¥, (x) — L'(1, x) gives,

[POS(L/(1, 2)) = POV (¥ (x))| < (a+b) [¥y(x) = £/(Lx)]
(}\PX(X) - E/(l,)()‘ 4 ‘E’(LX)DHb—l
(4-42)

Let us denote the unique real quadratic character in X, by xi.

We will show the following bounds :

Proposition 4.6.4.
1. For x € X, x > m and € > 0, we have
PO (L/(1,x0)) = P (. ()|
- (10g x)2a+2b—1me(a+h) for X =x1
((logx)*(log m)) """V ¥, (x) - £'(1,x)|  for x £ 11

2. For x > m'2, we have

Yo [¥x(x) = £'(1L,x)| < (logx)™® (4.43)
XEXm

XF#X1

We postpone the proof of this proposition to the end of this section as

we will need several Lemmas to prove it.

Recall from the exact formula (4.12), and Lemma 4.2.1, for x € X,

¥y (x) = £/(1,x)]| = lrx(x)[ + O ((10gxx)2> (4-44)
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4.6 MOMENTS OF £'(1, x) (UNCONDITIONAL)

where, (writing p = B + i)

_|yple—Dlogx—p?+(1—p)*>
[y (x)| = ‘Z 02(1—p)? -1 '

1 log x 1 1 ) 8
<o Dt e i) @

Zero-sum estimates

We now write down several lemmas to essentially estimate (4.45) and
prove Prop 4.6.4. These lemmas depends on the behavior and estimates of
zeros of L(s, x) in the critical strip. To begin with, we will use the following
two well-known results : (due to Gronwall, Titchmarsh, Siegel etc, e.g. see
[Davoo], §14, 16 and 21)

Theorem. (A) There exists an absolute and effective positive constant ¢
such that if p = B + i7 is a non-trivial zero of L(s, x) with |y| < T, T > 1,

then either,

Min(1— ) > o

or, x = x1 and p = By or 1 — B is a real simple zero satisfying 1 > 3 and
1—-pB1>mc.

Theorem. (B) Let Z, be the set of non-trivial zeros of L(s, x). Then

#HB+ivyeZy : |y—T| <1} <log(m(T +2))

Lemma 4.6.5.

/ 1
I (o ok e ) ¥ < s’
7l<1

where Z/ is the sum over all p excluding the possible exceptional zero.
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4.6 MOMENTS OF £'(1, x) (UNCONDITIONAL)

Proof. For |y| <1, by Theorem (A) with T = 1, and p not being exceptional,
we see that |o| > |B| > =, similarly |1 — p| > 1. Hence,

logm’ logm*

1 1 1
— |l <logm, —= < (logm)?, ——— < (logm)?
'p(p—l)’ 8 lol? (logm) pl? (logm)

1-

Therefore,

/ log x 1 1 ) 8
T T T T e | X
ﬂ%(m(p—m oF T =P

< x(logxlogm + (logm)*) Y '1
lv1<1

< x(logmx)(logm)?

Lemma 4.6.6. For T > 1

log x 1 1 g X(logx)(logmT)
7|Z>:T(|p<p—1>| Pt ) < Ty (447

Proof.

() 1 .
<< (x log x) Z w
j=I1] J

x(log x)(logmT)

< T
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4.6 MOMENTS OF £'(1, x) (UNCONDITIONAL) 77

The following result is part of the proof of a sublemma (5.4.4) of [[IMSog].
We record it here as a lemma and for the sake of completion also include
the proof.

Lemma 4.6.7. (Thara, Murty and Shimura) For T > 2 and x > (mT)°®

Y Y xf < x(logx)™ (4.48)
XEXm pEZy
[vI<T

Proof. Let us denote

S(x,m, T) = )_ Z/ xP

XEXm PEZy
ly|<T

The lemma is a consequence of well-known bounds for the number
N(o, T, m) related to the number of zeros of L(s,x) in a rectangle. In
particular, for 0 <o <1and T > 2, define

N(o, T, x) =#{p=B+iv€Zy : B>, |7| <T}

N(o,T,m)= Y. N(o,T,x)
XEXm

It is well known that N(0, T, x) < Tlog(mT) (e.g. see §16 of [Davoo]) and
thus N(0,T,m) < mTlog(mT). We will also use the following result by
Montgomery (Theorem 12.1) of [Mony1], also [Mon69] :

Foroc>4/5and T > 2,
2(1-0)

N(o,T,m) < (mT)" v (logmT)"* < (mT)%(l’U)(log mT)*  (2.49)

Similar result can also be found in [H]77]. We rewrite S(x,m, T) as

S(x,m, T) =) Z’ xP + ) Z/ xP

XEXm PEZy XEXm  pEZy
l7|<T ly|<T
B<4/5 4/5<p<1

The first summand is

< xSN(0, T, m) < x*5(mT)(logmT) < x*/5t1/0]og x < x



4.6 MOMENTS OF £'(1, x) (UNCONDITIONAL) 78
where the last inequality is due to the imposed condition x > (mT)®. The
second summand is

<

1 1
/ Xd,N (o, T,m)| < x*5N(4/5,T, m) + ‘/ (x"logx)N (o, T, m) do
4/5 4/5

1 [
4/5 1/2 14 5/2 14 a
< x*2(mT) = (logmT) ™ + (log x) (mT)”"*(log mT) A/S <(mT)5/2> do

Note that the first term is < x. Whereas the integral

1

g
/1 x N\ ()
45 \ (mT)5/2 =

tog () |, .

X

< (mT)572(log x)

and so the second term is < x(logmT)!* < x(log x)'*. Hence the lemma
is proved. O

Lemma 4.6.8. For T > 1and x > (mT)® we have

/ logx 1 1 ) 5 y
Tt T e ) <K x(logx (4.50)
xeXx;m peZZX <|P<P—1)\ o2 " [(1—p)]? (log x) 4.5

[v|<T

Proof. Keeping similar notation as in [IMSo9], 5.6, let us denote,

S(x,m,T) =) _ Z/ <10gx+ ! +‘(1_1p)|2> xF (a.51)

XEXm PEZy \P(P - 1)| W
l7I<T

Note that for all p with B < 3, S(x,m, T) < x*°(logmx)(logm)?* < x.
This is essentially from Lemma 4.6.5 and 4.6.6. So let us focus on the zeros
p with g > %. In this case, like before we divide the sum for |y| < 2 and
2 < |y| £ T. Note that, Since, > % > %, we have

c

Min(ﬁ,l—ﬁ)zl_'3>10g(TT)



4.6 MOMENTS OF £'(1, x) (UNCONDITIONAL)

Thus,

_ > _ — _ 2, A
plo=Dl 2 Rep(l—p) =p=p)+7" > ot
2 _ 2 2 E
lpI* = p"+7" > 5 and
1-pl*>(1-p)>

c2

(logmT)?

Thus we have,

S(x,m, T) < ((logmT)* + (logmT)(logx)) S(x,m,2) + S1(x,m, T)
(4-52)
where,

B

X

S1(x,m, T) = Z Z, —
XX 2<|y1<T ¥

1 /

< Lgyzr L o«
]ZO XEXm 2/<|’)/‘§2]+1
2+1<T

S(x,m,2+1
< )L (4]') < x(log )™ (4.53)
j=0
2j+1§T

Since, x > (mT)6, we thus get, putting equation (4.52) and (4.53) together,

S(x,m,T) < (logmT)(logmTx)x(log x)* < x(log x)'®

We are now ready to prove the proposition.

Proof of Proposition 4.6.4
1. By Lemma 4.6.5 and 4.6.6 with T = 1 we see that, for x # x1,

r(x) < (logx)(log m)?
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4.6 MOMENTS OF £'(1, x) (UNCONDITIONAL) 8o

and for x = x1,
rv(x) < (logx)(logm)?* + (log x)m® < (log x)m*

This inequality is given by the Theorem (A), stated before Lemma
4.6.5. Putting these in (4.44) we get

2
() — L1 0)] < {(l‘)g’”(l"g’”) forxEa s
(logx)m®  for x = x1

Recall that ¥,(x) < (logx)?, and so with the above bound for
ry(x), we get £'(1,x) < (logx)*(logm) for x > m and x # x1,
whereas, £(1, x1) < (log x)(log x 4+ m€). Substituting these bounds
in equation (4.42) we get, For x # x1

a+b—1

)P(g,b)(ﬁl(LX» _ plab) (TX(X))‘ < ((logx)z(log m))( ) “YX(X) — f/(l,X)|

and for x = x1 we get,

[PV (L(1,0) = P8 (¥(x))| < (log x)m* ((log:x)2m®) ™™

< (logx)2a+2bflme(a+b)
. Putting T = m in Lemma 4.6.6 we get that,

1 log x 1 1 > p
x—1 Tt g | X <K (logx)(logm
xgmx—lhg,n(\f’(p—l)! o2 " [(1T=p)]2 (log x)(log m)

whereas for T = m, Lemma 4.6.8 gives, for x > m12
— — + 4+ — | ¥ < (logx
i1, \plo-1 a—pp) ¥ < o8

Xexm r)/|§m |P‘2

Therefore, Y yex, |¥y(x) — L'(1,x)| < (logx)'.
X#Fx1



4.7 MOMENTS OF HIGHER DERIVATIVES L (") (1, %)

Proof of Theorem 4.6.1

Putting x = m!? in Proposition 4.6.4, we get

> [PEN(L (1, ) — PR (% (x))]

XEXm
< (logm)2a+2b71me(a+b) + (logm)3(a+bfl) Z ‘\I;X<m12) _ ﬁ/(l _ X)‘
XEXm
X#x1

< (logm)2a+2b71me(a+b) + (10gm)3(’1+b71)+16 < mel

Hence we have,

1 1 -
m 2 P(u’b)(ﬁ/(lr)()) _ m Z plab) (‘I’X(mu)) + O(me 1)
XEXm XEXm

_ ﬁ(a,b) + O(me/—l)

Note that the last equality follows from Theorem 4.5.1 with x = m'2. [

4.7 MOMENTS OF HIGHER DERIVATIVES L") (1, x)
We will now generalize the results in section 4.5 to higher derivatives. For
this we look back at Theorem 4.3.1. Recall we defined,

1
x—1

Filprx) = Y, ¥ (ka - 1) x(P)(log N(P))"*!

k, N(P)k< x (P)

81



4.7 MOMENTS OF HIGHER DERIVATIVES L (") (1, %)

In particular, for K = Q, it takes the form

Y(x,rx)="Yolx 1 x)
=55 & (1) a) gy

k, pr< x

- B (S 1) x s p)tog Y

k, pk< x pk
= % (2 1) xmA@m)togny

Therefore we define, fork > 0,7 > 0

UAe(n) = )] (HA ) (log n;) ) (4-55)
NN N=n j
whereas, for k = 0, £"Ag(n) = Ao(n). With this, define, for r > 0,

o o i e
W () = Y ¢ Aa(])jf Ay(j)
=

(4.56)

In particular, ]/l(”’b) 0) = y(“'b) as in 4.1.5 of [IMSog] or Theorem 4.4.1,

whereas (@) (1) = ji(*?) as defined in equation (4.26) in the previous
sections. We are now ready to state a generalization of Theorem 4.5.1.

Theorem 4.7.1. For each pair (a,b) of non-negative integers, » > 0 and for
x > m, we have

1 1 (r+1)d+2
Y. PO (¥ (x,r,x)) = u(r) + O, {ogx) ™ 7 (4-57)
’Xm| XGXm m
Here d =a +b.

Proof. The proof follows the r = 1 case in Theorem 4.5.1 very closely.

Applying Lemma 4.5.2 with g(x,n) = (xil) (2 —1) A(n)(logn)" we get,

n

1 m—1

Y PO (F(x,rx)) = Y AD(j,x) A®)(j, x) (4-58)
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4.7 MOMENTS OF HIGHER DERIVATIVES L (") (1, %)

where
k
A0 x) = L5 (2 -1) Amtogmy
Ny, Np<x 1:1 n;
ny---ng=j (mod m)

1 (&Eiy/m) K r

T (x—1)F )y Z H<_1> n;)(log n;)

=0 S M<x =1

m nk =j+Im

(4-59)
As before we write it as

[(x*—j)/m]

A(k)(j,x): Z L(k)(j+lm,x)
1=0

and show that the total contribution from [/ > 0 terms is small. For this we
note that, L) (N,x) # 0 only when N < x* and in this case,

1

L(k)(N,x) < N Z (HA )(log n;) )

ny, - Npe<x i=1
nl---nk:N

(logx)(r+1)k

1 k
< YT <
< SOAN) < KB

where the last inequality follows from : ( similar to (4.24) )

(log n)(r+1)k

. log n)™*
o aetn) < BTN () < (082

krk

and therefore,

[(x*=j)/m] 1 (r+1)k
®) (i og)™ " (1 1
LYW(j+1Im,x) <k - 1+2+ +[xk/m]

_ 0o ( (10g x)(r+1)k+1 >

m

For the I = 0 term using (4.34) and for x > m we have

L® (j,x) = ErA]k(]) +0 ((logmnz(”l)k) (4.60)
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and hence,

r ; (r+1)k+1
MWL@ZKAAD+O<W%” )
m
and so, (writingd =a+b)

Ly pen((yr ) :i )frAb(])_i_O(W)

e XEXH

which, together with the inequality :

U Na(j) €N ()) 1 (log j) (D (att)
Z : j = (uabb)r Z

i2
j>m ]

_ 0o ((log m)(r+1)(u+b)>

2
jzm J

m

proves the theorem. O

Now applying Theorem 4.3.1 directly, with x = m? gives,

1
%] ) PEb (£0(1, x))
ml xeXny

- |X1| Y. p@h) ((—1)”1‘1’()(%,1112)) +0 (a(’gm)rd>

d
Ml xeXn m

P

— (—1)0r+Dd_=

y P (F(x, r,m?)) + O <(log m)rd>

d
XEXm m

(r+1)d+2
_ (_1\(r+1)d, (ab) (logm)
(~1)0 <o+o( L )

Here the last line follows from Theorem 4.7.1 with x = m?. Therefore we

have the following general version of Theorem 4.5.3 :

Theorem 4.7.2. Under GRH,

1

D{,Zlﬂww@am»=«4W“wﬁmw+O< m

XEXm

(logm)(r+1)d+2>
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4.7 MOMENTS OF HIGHER DERIVATIVES L (") (1, %)

Here d = a + b and the implicit constant depends on 4, b. In particular,

lim 1 Z P(a,b)(‘cl<117(>) _ ((_1)(r+1)d}l(u’b)(1’)

Mm—>00 |X ‘ =

Remark 4.7.3. Note that for an unconditional version of the above theorem,

we need to have a closer look at the general r, (1, x) term. We have,

B (_1)11 ! ar x5~ 1 ] ar xS
reln,x) = x—1 leﬂpds" s—1 ;llgp}@ s

—1)"n! AN . —1)%k!
S (1o

0 k=0
" —1)kk!
Z( >xp log x)" k-(pkzl ]

xP

p(p—1)

(o8 )" y-

X

<

' (The implicit constant depends on n.)
o

This reduces the case to that shown by Ihara, Murty and Shimura, see
Sublemma 5.4.4 of [IMSog] with the difference that the implicit constant

depends on n as well, apart from a and b. Therefore we have
Theorem 4.7.4. For any € > 0, we have, unconditionally,

1

W Z p(u,b)(ﬁ(ﬂ(llx)) _ (_1>(r+1)d‘u(a,b)(r) +0 <m€,1>

XEXm
The implicit constant depends on a,b and r. In particular,

lim —— Y PO(L/(1,5)) = ((—1)0 D))

m—s00 |X | =
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DISTRIBUTION

5.1 PRELIMINARIES

For most of this chapter K is either Q or an imaginary quadratic number
field. In particular K has exactly one Archimedean prime denoted by (.
Let x run over all Dirichlet characters on K whose conductor (the non-
archimedean part) is a prime divisor, such that x(pe) = 1.

The average of a complex valued function ¢(x), over a family of x as
defined above, is taken as follows :

AVgX‘/’(X) = lim AVgN(f)§m¢(X)

m—y 00

where

LN(f)<m (Zf)(:f ¢(X)) / Y-t 1
YN(f<m 1

AVgN(f)gm4’(X) =

For the above setting, the following distribution theorem was proved by
Thara in [[hao8] :

Theorem 5.1.1. (Ihara) For K as above and for ¢ = Re(s) > 1, there exists a
real valued function M, : C — R satisfying, M,(w) > 0, is C* in w and
Jc My(w) |dw| = 1, such that

/

Avg P (igé’;;) = /CMU(w) P (w) |dw] (5.1)

holds for any continuous function ® of C. Moreover,

avg, v (122 —w(e)
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where M, (z) comes from the Fourier transform of M, (z) in the sense that
Me(2) = [ Mew) x(w) |dul

here ¢, : C — C! is the additive character y,(w) = exp(i - Re(zw))

Remark 5.1.2. Note that IThara shows this more generally, in the sense
that he considers certain function fields of one variable over a finite field
(the theorem is true in this case for ¢ > 3/4), K = Q and ) runs over
characters of the form N(p)~™ and when K is a number field having more
that one archimedean prime and x runs over all “normalized unramified

Grossencharacters” of K modifying the definition of average accordingly.

Remark 5.1.3. In a later paper [IM11], Ihara together with Matsumoto
showed the above theorem for o > % + €, under GRH and with “mild”
conditions on the test function namely, ®(w) < ¢*”l holds for some
a > 0, or ® is the characteristic function of either a compact subset or the

compliment of such a subset.

Similar distribution result for real characters was also proved by Mour-
tada, my academic sister, in her thesis, see [Mou13], [MM15]. She showed,
for a fundamental discriminant D and a real character xp attached to D,
let

N(y) :={|D| <y : D is a fundamental discriminant}

then the following theorem holds.
Theorem 5.1.4. (Mourtada, Murty) Let o > % and assume GRH. Then there

exists a density function Q,(x) such that

1 Vexn))_ 1 [
D fund. disc.

holds for any bounded continuous function ® on RR. It also holds when
® is the characteristic function of either a compact subset of R or the

complement of such a subset.

Our goal in this chapter is to deduce similar distribution theorems for
higher derivatives of the logarithmic derivative of Dirichlet L-functions.

We have been able to prove results similar to that of Theorem 5.1.1, for
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o > 1. Whereas generalization of the later developments are still a work in
progress. We'll show in a concluding section where these later developed

techniques fail if we consider higher derivatives.

5.2 DISTRIBUTION FUNCTIONS : SOME BACKGROUND

In this section we present some background related to distribution. The
results presented are based on the paper [JW35] of Jessen and Wintner.

Let RX be a k-dimensional Euclidean space and x = (x1,---,x;) be a

variable point.

Definition 5.2.1. A completely additive, non-negative set function ¢(E)
defined for all Borel sets E in RF and having the value 1 for E = RF will

be called a distribution function in RF.

Notation. An integral with respect to ¢ will be denoted by

[ 1099 (ax)

and is to be understood in the Lebesgue-Radon (or Lebesgue-Stieltjes)

sense.

Definition 5.2.2. A set E is called a continuity set of ¢ if ¢p(E°) = ¢(E)
where E° denotes the set formed by all interior points of E and E is the
closure of E.

Definition 5.2.3. A sequence of distribution functions ¢, is said to be
convergent if there exists a distribution function ¢ such that ¢, (E) — ¢(E)
for all continuity sets E of the limit function ¢, which is then unique. We
will use the notation ¢, — ¢ .

Proposition 5.2.4. A sequence of distribution functions {¢,} converges to
a distribution function ¢ if and only if

[ FOgu(ax) [ FOOp(ax)

holds for all continuous and bounded functions f. Moreover, if ¢, — ¢
then,

[ F09(dx) < liminf | f(x)gn(dx)
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holds for every non-negative, continuous function f.

Definition 5.2.5. If ¢ and ¢, are two distribution functions, then we define
a new distribution function as their convolution, as follows :

prea(B) = [ 9i(E—x)galdx)

for every Borel set E. Here E — x denotes the set obtained from E by the

translation —x.
Note that one can show, ¢1 * ¢2 = ¢ * ¢y

Definition 5.2.6. The spectrum S = S(¢) of a distribution function ¢ is
the set of points x € R for which ¢(E) > 0 for any set E containing x as
an interior point. We note that S is always a non-empty closed set.

Definition 5.2.7. The point spectrum P = P(¢) is the set of points x such
that ¢({x}) > 0.

Definition 5.2.8. A distribution function is called continuous if P(¢) is
empty, and is called absolutely continuous if ¢(E) = 0 for all Borel sets E

of measure 0.

Proposition 5.2.9. [JW35] A distribution function ¢ is absolutely continuous

iff there exists a Lebesgue integrable point function D(x) in R such that

¢(E) :/ED(x)dx

for any Borel set E. We call D(x) the density function of ¢.
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5.3 CONSTRUCTION OF Mg,p FUNCTIONS

Let P be any finite set of non-archimedean primes of K and set
Tp := [, C', where C! denotes, {z: |z| = 1}.
The following lemma was proved in [Ihao8], (Lemma 4.3.1)

Lemma 5.3.1. Let K be as above and ) run over a family as above, excluding

those characters such that f, € P. For each such x, let xp = (x(p))p € Tp.

Then (xp), is uniformly distributed on Tp. i.e. for any continuous function
Y : Tp — C we have,

Avg, ¥ (xp) = /T Y(tp) d*tp
P
where d*t,, = (2mit,,) "1dt,, is the normalized Haar measure on the f,-unit

circle.

Remark 5.3.2. The above lemma is the key ingredient of our results. The
idea is to make suitable change of variables in the above lemma, so that

from the Jacobian a density function can be extracted.
Now define, g, p : Tp — C by

t,Ng’(log Np)?
Sop(tp) = Z Sop(ty) where gq.(t,) = p(t‘ _(Ng 0)2>
peP o Y

where tp = (t,)pep, in particular, |t,| = 1.

For any character x of K which is unramified over P, let

Lp(x,s) =[] @ —x(p) Np~*)~"
peP

Then we have,

o .- Lexs) _ v x(p)Np *logNg
) =T G0e ~ 4 T - x(o) Ne)
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5.3 CONSTRUCTION OF M, p FUNCTIONS

and so,

d Lp(x x(p)Np—*(log Np)? i
/ .S — NP it
P(X ) dS LP( @g;) X( )Np ) gtT,P(XP )

where t = Im(s) and xpNP~" = (x(p)Np ") ep.
For (f,,P) = 1, since, {xp}, is uniformly distributed on Tp, so is its

translate {xpNP~"},. Thus for any continuous function ® on C, by the
above lemma 5.3.1, applied to ¥ = ® o g, p, we get

Avg, (@ (Lp(0,9))) = [ @(gop(te)) d'to (52)

4

We first note the following.

Lemma 5.3.3. For fixed s, with ¢ = Re(s) > 1, and for P = P, = {p :

Np <y}, asy — oo, L,(x,s) tends uniformly to £'(x,s).

Proof. For any x we have,

Ng? log Ng?
L'(xs)—Lp(x,5) < Y, o2
‘ ( ) P( )’ et (Npa_l)Z

Thus letting y — oo, RHS tends to 0. O

Theorem 5.3.4. Let o > 0. Then there exists a function M, p : C — R such
that, for any continuous function ®(w) on C,

| Mop@@@ldu] = [ @(gop(tr) d'tr
P

where w = x +iy and |dw| = (27r) 'dxdy, and d*tp is the normalized
Haar measure on Tp. This M, p function is compactly supported and

satisfies the following properties :
1. Mg,p(w) 2 0,

2. Mg,p(w) = Mg,p(w),
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Proof. We first consider the case when |P| =1, say P = {p}. Let T, = C!

and write t, = ¥ and so d't, = %d@.

We consider the open unit disc, z = re for0<r<1land 0<6 < 2.

Consider the map

B B (long)2 ret? A ret?
w=w(z) = (1—re®)2 (1 — reif)2

For computational brevity we'll write A = (log Ngp)? as this is just a
constant. Let p be a real number such that, No™” < p <1 and let B, be

the region surrounded by the curve :

A pei()

O A= peny?

Thus w = w(z) gives a one-to-one correspondence between the region B, ,
and the disc C, := {z : |z| < p}.

Let us now compute the Jacobian of this mapping. We see that,

rcos —2r2+13cosf .  rsinf—r3sinb )
w(z) =A = re[d +iA 1= rel]d =U+iV (say)
(5-3)

Thus the Jacobian is given by :

I L A% 1 |1+ re?|?
- v v o |1—7’€i9|6
ar 96

Note : This Jacobian was computed using a computer algebra system.
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And so we have

[ @lsostta) 't = o [0 (CRFOENORY

g 21t Jo — Ng”)
27 i0 —0 2
:1/ o (N “(logNp)*\
27t Jo (1 — Np—reif)2

_ 1 _ -0\ 71
_Zn//Bmob(w)a(r Np~0) =1 dUu dv

where 6(.) denotes the Dirac delta distribution and w = U + iV. Therefore
we define M, ,(w) in the following way :

11— ret6 3(r—Np™)

= | . -0y :
Map(w) =] 0(r = Np™*) (log Np)? |1 + rei?|? r

(5-4)

for w € B,,, and Mg,,(w) = 0 otherwise. Plugging this in, we get

[ @ent)) 'ty = [ Mo () () lda

©

This proves the case P = {p}. For the general case, we define the function
using convolution product. That is,

Mo, p(w) = *pep My, (w)
in other words, for P = P’ U {p} define

Mp(w) = [ Mop() Mo (w0 — ') Jdw 55)

Note that, for any open set U C C we get,

] Mep(ew) ldw] = Vol(gz3(U) (56)

where the volume is with respect to d*tp and thus [ My p(w) |[dw| = 1.
The Haar measure is normalized, i.e the total volume of Tp is 1. O

Our next Goal is to show, for P = P, = {p : Np < y} as before, as
y — 0, My p,(w) converges to a function M, (w) uniformly in w.



5.3 CONSTRUCTION OF M, p FUNCTIONS

Proposition 5.3.5. If P = P, and y — oo, for o > 1/2, My p(w) converges
to My (w) uniformly in w. The limit, M, (w) is therefore continuous in w

and non-negative.

Proof. For p ¢ P we have, (writing Np~7 = q)

1 27 1— 619 6 )
|M0,Pu{p}<w) - MU,P( )| = /O | q - | Mg,p(Z — qelo) do

27T (logNp)> Jo |14 qe®|?

4 4
q
< llog N2 < <Np")
Note that, by (1) and (3) of Theorem 5.3.4, M, p is bounded. Thus we see

that M, p(w) converges uniformly to a function, say My (w) for o > 1/2
(in fact, 1/4). O

Remark 5.3.6. We also have, [ M,(w)|dw| = 1. But we will show this
after showing the next theorem. Note that since, [~ My p(w)|dw| =1 for
all P, the uniform convergence already gives,

/Mg(w)]dw| <1
C
Theorem 5.3.7. For any s € C with ¢ = Re(s) > 1

Avg, (L' (1,5)) = [ Molw) @(w) |dul (57)

holds for any continuous function ® of C.

Proof. From equation 5.2 and Theorem 5.3.4 we have,

A (@ (Lp(09) = [ @lgunlie)) 1o

_ / My, p(w)®(w) |dw|

The theorem is proved by taking the limit and from Lemma 5.3.3 and
Proposition 5.3.5. O
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Note that if we take the particular case of ®(w) = P (w) = w*w?,

Then our results from moments give : (Theorem 4.6.1)
(=108 = | Mo(w)P) (@) dew
In particular, taking a = b = 0 gives,
| Mo(w) ] = 500 =1
Also note that if we consider the Fourier dual of M (z) given by
Me(2) = [ Molw)y=(w)|dal
Then from the above Theorem 5.3.7, we have

M, (z) = Avg, -(L'(x,5))
5.4 A NOTE ON HIGHER DERIVATIVES

We note that the above technique theoretically generalizes to higher deriva-
tives. We just need to appropriately choose the g, (t,,) function such that

for a local factor, we get

L5 (x,5) = go0(x(9)Np™™)

But note that for higher derivatives, computing these M, p functions
explicitly becomes very involved. Even in our case we used a computer to

simplify the Jacobian.

5.5 POSSIBLE EXTENSION OF OUR RESULT TO % <oc<1

For ¢ > 1, the image of g, p remains bounded as |P| — oo. Since the
support of M, p is the image of the mapping, g, p, so the support of M, is
also bounded. Therefore, in the proof of the above theorem we can just

assume & to be continuous.
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5.5 POSSIBLE EXTENSION OF OUR RESULT TO % <o<1

This is no longer true for o > %, i.e. image of g, p need not be bounded.

As remarked earlier, Ihara and Matsumoto, in a later paper [IM11] extends
it to 0 > 1/2 under GRH and some conditions on the test function. They
introduced the idea of admissible functions and developed a more general
notion of g, , which they called g-functions. However their approach does
not seem to apply for higher derivatives. It fails at essential steps in section
3.1 and 3.3 of their paper. We are yet to discover a way of doing this and
this is currently a work in progress.
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